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Group T heoretic

L nvariants of
L inks ond 3-manitolds

Shc\\y H arvey
Rice \kn}\/ersijry

Jome work jotny w] T.Cohran or S. Friedl



et M- compact, onentable
3"mavx'|¥o\d) G=m M.

We will nvest gate inVavriants
of M associated to ¢:G—1",
when [ b o “nice" qroup

(ie. ZT' is an Ore domain )
ond T s (@anonically-
associated to G.



b ‘\Y\\IO\T\QH\'S assou'a*reo\ To Paif‘
(M,c‘):ﬂ‘l(\/\——ap) .

j_, P'ray\ks ofF M :
(M) = rank, H(Mp)
L, I'-degrees of M:
5.t H(M;2) — Z
3 T p-invariants of M-z
On (M) e R




Remark'- C. Leidy has Studied
the Wigher-order Blandhfield
Lorms MPU‘/W associatd fo

(M, )




EX&MP\ES O(— P‘—" G/H, fix an nz20

1. H= G‘;‘z nth term of (rational)
lowev central series of G.
*9\ H= G\m nt Yerm of (rational)
derived series of G.
*3. H= G(:)= N2 term 0f Yorsion-
Tree derived series of 6.
1. Bs Gm - G\w 0 G Y\—-Ert\\‘;:\c-d%ec \

(n)

— C} - G(n ) (zr;-



NO\‘U Each O‘r -Hne Smups A

on last Page are so\vable wih

Torsion-{ree quotients (PTFA)
hence Z" & an Ore domain

~AAP C M= ’ wo hrent J}iflo‘-
ZI" —K(T) L‘gg Ui

g 22N> K(Z") =] B

a‘(x., ...,x,.{
P4 multivanable oo lynomials




Tn parﬁcm\ar,
. Jd A 1S A rij‘/r} [“module

then A Was a well-defined
ron kK rank. A.

~—> rank, B = rank, A+ rank, C



All of +he invariants defined
aloove are \ﬂomeomorphi:m

NV o ants, we would liKe
Yo understand Which give
INvariants of homology
(oovdism (o concordance Sor

Knots and links ) |



"omeomw'phifm Tnvts
Dk 3- Manifolds

r:\:‘S(H“op\{ TInvis of
| Knots and Links

L




1) Itigher- order rankg

)

let .= G/G™™ where G, = G and
(n) (het) < (nel)  _ (ne1) - fom
CI O R (R W A

(M= rank  H (M)

§

|

Where M, = reqular Tn=cover

0t M Lor\ruPohdinﬂ o
Q-TM— T = G/Ga7




PFOPCH‘MJ o+ |
)Tn On\\{ depends on 1T,(M)
- can be defined for any group &

(1) I is a decreasing in n *

Thm(H): For any M -
D22 (M) £ My (M) & 21, (M) 4b(M)-1



({1 IE M fibers over S* then
rn(“/\\= O

(V) (M) can be interpretted as

e L-ficst beli number g,)(r'\p,}
(ovcesponding b cover Mp,

(V) O generalizes Alexander nu\\ijr\/
ro(s3_ L_) = dy (L-)



Recall :

dolL)=rank  H,((5-L)ay)

Wheve M%— .5, abelian (over of M.
oand  L=m-tomponent link 1n S.

e o (L) 15 a (Onordanc invanamt

/

§;<

("p:gL

I8 L and L cobound
i\ %?Dlog\cal\ﬂ —S:\M‘
annulns th S

then o, (L) = o( (LB




rn(SB'L) _”_0_\: (on CDFO\M)(l (J;hvm‘{qt/ll*

Ex: [= (;—,;) Cable of K#-K
= boun dary linK

K= trefoil @

K#-K = shice (concordant o O)
= L=zSliw(~ 4 O O )
rn(Sj—LB" O *+ 1=(5-00)
for n21.



WidProp (1) TE L is an m-emp qood
bO\KndQVY ‘\‘nk (Ffﬂf“' hDMOle(j D'f'
free over s Privial ) Haen

r,\(53— LY== m-1 (maximal) .
| = Whitehea d

33 @ double of
@ Borromean rings

()= 2)

¢ n=o0.




o, [Figher-order degrees of M
Given e H'(M;2) = Hom(G,2)
Cjﬂ' Y Q/a‘:*n__;Z for eath n2p.
Then [z ker(®) 1 PTFA.

Since H,(Mp) is a right 2[,-

W\Od\/\\f:) H(M,) & a 2 -module
via ZMc £

S, (¥)= rank, . H, (M)

)




Properties of S H(M)— Z

(1) Thm ( Fried(—H)'- dn Can be
extended v a (semi- Y norm o H‘(”;IR)
In parfiwlar,

(S0, +B)E Salb) + 5, (42

for eath n30 and W eh (M 2).
(D) Thm(H): T bm)yz 2,

Lgok_\f_ 5&“‘(._)5 g"(_)g_ el & ” _,E\




(1) Do (an be interpretted as +he
Alexander horm (dekined h7 C. McMullen)
('N) ﬂf\m(\:r\ed\\'%'- There 14 a
multivaridole skew Laurent polynomial
£ = 5,0, whee ¥= (¥, ¥
Mnd @&y € K= quotent field of Zr
(genem\i%\nﬁ Hhe multivari able
Alex ander Po\\{nom'\a\ AM\ St

Al = Supgjﬂx“) “‘HX‘SS\ 0y OnF o§



(V) I-F L[/ rePreJch‘Lr A —f;’érml)'m of
M over S* (bM22) Jhen

NPz Sn(P)

(Vi) TF MxS' (M ‘\rr":gl‘(fc'\h\D admits
7 S\jW\P\CLﬁL Sruckure  then Hhere
15 & YeR(M;2) st Wl= Sap)
for all n2 0.

(WiD) Tham (1) There exist cxamqu w/(
dl=) ¢ §() ¢ <5 1-) (cﬁr\bi%-r“@)



~5 TL X is one of Previows exarmples
ey X*xST doec not admit asvmp\ech‘t
shructure (nor doer X fRber over §*)

Wii)Pop (H): TF F:mM—> N
bM)=b,(N)22, r,(M)=0 Hien For
o GeH'(N;2),

S (fFe) = §, (¢)



Corollary: Tf Jand K Rnots,
fem(8-3) =2 m(S-K) surjective
and S, (K) = Qj(K)"l (hz1) Henn

9(3) 2 9(K) (47 gore)

e (zives PaH—\a\ answer o [tmerhm o

J. Stmons " TE ¥ Knots, ¥r§-T=5K
Swrjective o T, 18 4(3) 2 4%

Kinown when § (1K) =deg Ay =29(K)
o stmilar Statement for | I+



(.'VB Can define gn S’or ahj Q an A
$:G—> 1 where T PTFA, §:H(Z)92

Thm®): TF G—DN—T1 (not mitial”),
def(6)21 or Gr-'-1T,lV\3 Hen
S,(4)2 8. (V) V Yehra)

~ 3n gives obstruchims a4
growp beiry Hhe fundamental grog

4 Imamfold (or having positve
defcenty )



HDMO(Oj(j Cobordism
Tnvanants of 3-manib(ds

)
link ConCordance ImmLSS




Rggi(* M humolojy Cobordant fv M
£ there is a Y-manifld W sit.
W=MUM, ank (:M—W (j:N—W)
wduees Mmauaoms m Ryel(—)2).

Ex: L,L,c> S links M
TE L, (onordant b Lo f\/\/
- - —

N

then MLf O-swygery m L,
1€ \/\omo\\‘)fm cob ordant $o T"\L,,_,



Heme L:M—W s a '/\DMolgj_j
equivalente . What is preser ved wder
(’at "TrlM — Trlw ?

Ex‘. [',*'. ”"(M)F ."~Z—"é T W
Lo N, T, M) [mw, W)

Thm (Stalings): Lek ¢:A—B be

hom. of gvoups sy c[: I Ales pa H,
and epimorphism mm H, . Then for all n,

C()*'. _/d\_ = N B A= lower tendrg |
AV\ Br\ Series ok A

112




~3 Can define arionw (on(ordance
invariants of links (like Milnory
Ihvamants, etc ).

What about derived series 7
Ex: K=knot 1n § with A+ 1
G\=TT,(S3- K) , ¢ @l'——92 abelianization
'¢* = om HL,H1 (S3~I< Mpheh'cw(>
270, GGV +0 ~ G5 "big"
b 6/60—> 2/g®=2 (")



Thm (Cochran-#): ITf ¢: F—B

induces mono on Hi(-, Q) and an
epimorphm o H,(—; @) [F free gp
B Hin re\a{-eo\] then ¥V nz 1,

q>*’—:“ C—%E——

Note: For applications, Only. need
0. monomorohism (as abow) |11



As a wrollary , define higher-ordes
Alexander nullity (L) for link L *

T. Consider Fim) ﬂéﬂ_}_(sg-L)‘-"ﬁ

@ mersdinal map.
Y
Hl((g-uh\ i a module over Z[F/F""]
via F/F™ — G/g™
Debine:  ,(L)= mnkF/Fl,\,,)H,((Si L), )
(S-L), = Cowr (ovresponding 5




Propcr+ €S

o 3(}\(!‘4\(20 A)QM"‘M ”“u'\%a'

‘ M(H)’ T+ L s shice Hhen
A L) = m-l = olp(Hrivial )  For
all n

CDY\A'\QC:\'\A\FQ LAy 1S 4 Concordance
invariant.




To get invt of 3-mEld rneed new
Senes Toraivv\-'fm devived series
6= 6

, GWD': ( 3 0¥ T k¥ e ZLG/50)
o 366(\?\ st .
\ TV\(- g"" ¥; GEG(:), G )

Note: G- Ker (;;‘:—> Gy 6o 2K %6
c G e Gl gy



Ex: F=free group

S\ e FW/F"‘*" s forg' m~Free
as 4 ZIF/F")-module ~

(n) (n)
P = F

e

VYV nz 0

;X" K= knot in SgJ 3= TT.(SZ-K3

Oth @ G(m/e\m 1 Q ’mmv\ module,

%.06,6)

_— )

¢ n> 1



Thm (Cochran-#): Tf ¢:A—B W&
mono wa H (- @) ank epi on W,(-®)
\:A -Y.g. B Lolahdl  Maen S eam

nzl
¢¥ —/&—" %Eh-)

w @ Mondsmoephism .
T+ ¢ u = on B(-5 @) Hnen
M/ LX) Y B tm') have Same

Can K (ow.r re:pechw. Fings) |



' (g=mM)
;l H'\S\f\e\r~order ranks of T?{)(G
R.(M) = rank H, (M7

&/6\

| of M
where ‘\/\+f\ = (oveniny spPace

(n)

(orresp onding o G,

:LE Mand N are 0
C\'(\);(:\\L‘\l;gg E\;\oDrO\W\‘]' then R, (M)=R,

ls R (Sz L) = An(L) For all [nks
&- > Rn\o~
and nz 1 3




3. Higner-order p-invis i p (M) € R.
Lot 6: G—G6/G"  then (M, ¢,)
1§ Staddly nullbordant | 3 Y-mHd W
and WWLA st W= M and

G =M —22 G/gH

e

mW Y . N

(N)‘—l’) 1S (alled a s-nullbordism for
(M)(()V\\




Lemmat T4 (W, )LV;\ ave  s-nhull bordismv
fren (W, ¥ ) -vW)= 7 (ws, ¢, ) - olW)

Dedine Pn(r’\\ = (W, -o (W)
Sov O\V\(j s-null bordism (W, ¥) forr (f’lﬂsn)

Projzerﬁe,c
(i) Same as (heeger-Gromov O- mvanant
(V) K= krot+ m S, 0,,= Levine Tristram sign.
Q,,(V\.J‘-‘- S 0, (K) dw € R
A S

0-swrgery on K



E@_(H)’ F" is ah Mvanant of
hbmolojy (obordism

Thm(B): For ensh n»0, the /maje 7]
Pn‘§3-manilulo1 0S$—>TR s denk and
InGinitely generated m R.

LTdes of Prooft WUse B‘mj double o€

Rnot K —~— § L5 L

ot P"(MLK\:P"(MK) @




Consider +he (ochran-0rr- Teichner
G (hratim o} {H’h'nj) Iink (onwrdance

gmup :
5';M) < (:;‘(h-l) c o © ?(/)C }Z)c 60("")

Tl TF Le T, +hen pulL)=0.
Thn () : For eath nz 0 (m 2 2),

%)/"\‘%hm Contains an in?iwijre(«a,

generated  Swogronp  (unknown
'Y‘OY knots (m=1) when h’/'S).



For applicahions, i+ s uceful b weaken
Be (ndifion in Stalling' dhewom.

Thm (W. Dwyer): Let ¢:A—B be
sk, © Wwhuws = o B, Then for
oy N, the followlng are equivalent :

’ CP tnduces A/An-H = B/BM‘
v O M e epimor phicim

Waere  ®, (A) = ker( BylA)—s Hl A/AL))



For a group A, let X=K(A, 1.

Known That @\(M= subgroup
OF X € H, () s.t. X (an be
represented by an oriented gurface
1} 2’—" X sk. for some 5\gmpl¢df¢

lOOLS\S ot (wrves §a;, b \\-‘-5% D+ f
F (V) e m (X0, b

b,
a, 4.

2




Let A= growp , X=K(A D).

Define B, < Ho(X)= Ha(A) oy

@:n): swb ﬁ‘roup of X € I—\AZ} -H'VH'
(an be represented b‘a. f:2,—X
Slt‘ ‘Y'DY Some SUM'PW(.‘HC bas'\.f

703, b; | (¢43 of mrves M 2y,
£ (e 0oy & & ()emy”.



Thm (Codrran~ B) & Let o:A—B
(A fin.gen, B fin rel) st. @ induce
6 mono m H(®) . ITf

be: Ha (A) — Hy (B) /5 %)
1S Sur5e0*'\ve then d> indices a
Monomoy phism

A B

é
(Ktl) ()
Al B!

«Q’br K<n.




Aﬂ)h Cation S

I, Given set 9,,..,3.3 of G, het
ave \inmrltj Independent 1n K (G).

IF H.(G) is represented bf? 'n-gropes’

‘”\CV\ F/F_..(n-l-l) an G]/G(Ml)
Tn Parti tular, G 'y ot hi\Po—]-m+.

)



2. Thin (Ghran-1): T Lwmk L
bounds disjomt embedded gropes
of heignt (n+2) +hen
M (S~ 1)
Tr\ (53- L)(':‘”)

T (B- =)

%

> =bottom stage of qvope

M| QpalL)= 0 /




Queshons

. M&SSC\,I Produd‘s ave h(gher-ofdcr
Lohomo\ow operahon relared +o

lDWeV Cntral Series. Are Haere (ohomologg
operahons velated v derived series?

4. Mixed Hodge Structuves associakd o
Ut(v)/ﬂ}(V),\ (V= algeb ruic vaﬁemlg)
eXist, hawe been useful in Algebraic
Gemetry. (an one dv this Sor (V) Jre (5™




3. C.Leldy and L. Maxim

have Studied S, fo plane curves
h €. What more (an we Sa4)

about mrves using these 1Ypes 0t
Mvaniads ¢

. Ceneralizations pf S+allin3 s’ and
DW\[cr’s ZP"H’\GONMJ fov
derived Series !

5. RaXional Homon‘op\/ Tkeonj for
Solyable Gromps's



