Math 468 Lecture Notes

Brendan Hassett

October 5, 2009

The goal today is to illustrate how the theory of induced representations
can be used to construct representations fairly explicitly. The example we
shall focus on is G5, the symmetric group on five letters.

Preliminaries
We first recall a couple facts from previous lectures:

1. Suppose we are given a representation p : G — GL(V), and W is an
irreducible representation of G appearing in V' with multiplicity one.
Then there is an canonical formula for the projection map

p:V =W

2. Let H C G be a subgroup, R a collection of coset representatives
of G/H, 0 : H — GL(W) a representation, and p : G — GL(V) a

representation induced from 6. Then we can write

v = 3 et tur), (1)

reR:ir—lurcH

Review of conjugacy classes of G; Let 0 € G, denote a permutation.
Recall that o can be written uniquely as a product of disjoint cycles, e.g.,

o = (1)(23)(78)(456) € G,

This reflects the decomposition of {1,...,d} into orbits under the action of
(o), the subgroup generated by o. Let py, tia, ..., g, denote the lengths of
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the cycles that appear in o, ordered so that puy; > ps > --- > pp > 1. Since
1+ ...+ pp = d, the collection p = (ug, pto, ..., 1x) encodes a partition
of d. We write |u| = >, p;. So for the permutation o above, we have
= (3,2,2,1) corresponding to the partition 8 =3 42+ 2+ 1.

Here is another set of notation for these decompositions: For each j =
1,...,dlet

ij = #{k e :]}7
i.e., ¢; is the number of j-cycles. Then we have d = ijl Jij.
Thus we have identifications

{conjugacy classes of S,} < {partitions u of d} <
{sequences of nonnegative integers i = (iy,...,14) : Z;.lzl i; =d}

Proposition 0.1 Let C; C &, denote the conjugacy class associated with i.
Then we have

d!
104 120245) -« diagy)”

Ci| =
Proof: Write k =iy + - - - + i4; express each permutation in C; is a product
g = Cl P Ck

where ¢; = (¢j1---¢j,,) is a cycle of length p;. We can regard the sequence
of integers

C11, - - 'Cl/n?c?la e ’Ckﬂk

as a permutation of {1,...,d}.

In total there are d! such permutations. However, distinct permuta-
tions can give rise to same element o. First, the cycles (cjicjo---cj,;) and
(cja -+~ cju;ci1) are equivalent; this means we have to divide out by

Iul...luklil...did_

Second, we could permute the i; cycles of length j to get an equivalent
permutation; this involves dividing out by

These account for the formula in the proposition. [J



Special subgroups in &; Here we enumerate special conjugacy classes of
subgroups of &4 associated with partitions A of d.

Definition 0.2 Let A = (A\1,..., \¢) be a partition of d. We define the Young
subgroup
S, 2:6)\1 ><QS)\2 X oo X 6)% CGd,

where &y, is regarded as the permutations of the integers

M+ N+ L M+ A

We have

1G] = A Ag! - AL
Of course, reordering {1,...,d} gives us another version of the same sub-
group.

For example, &2y C &, is the group ((12), (34)) of order four. Or we
could take the conjugate subgroup ((13), (24)).

Definition 0.3 For each partition X of d, let Uy denote the representation of
&4 induced from the trivial representation of Gy. Let vy denote its character.

Thus U, is a permutation representation associated with the coset represen-
tation of &, on 6,/&,. Its matrices have entries equal to 0 or 1.

Analysis of &;

Conjugacy classes of &5 We first tabulate the number of elements in
each conjugacy class:

| (12345) (1234) (123)(45) (123) (12)(34) (12) identity
m ®) C%) 3.2) B.L1) @21  (%L1,1) (LLL11)
i | (0,0,0,0,1) (1,0,0,1,0) (0,1,1,0,0) (2,0,1,0,0) (1,2,0,0,0) (3,1,0,0,0) (5,0,0,0,0)
|Cs| 24 30 20 20 1 1 1

Trivial representation Since G5y = Gs, the representation Ugs) is the
trivial representation of &5. We also use the notation V(s for this, and xs)
for the associated character.



Standard representation Consider G;) = 64 x &; = G4 and the rep-
resentation Ui 1y. Note &5/&, has five cosets, and the associated coset rep-
resentation is the standard permutation representation on five letters. Thus
U4,1) is the permutation representation

Po "€ =€s), J=1,...,0.
We'’ve seen that this decomposes
Ua,1y) = irred. @ trivial = V(1) @ V(5),

where V(41 is the nontrivial summand. Let x(4,1) denote its character.
Furthermore, in an exercise from chapter two of Serre, we computed the
character in terms of the number of fixed elements:

(5) (4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
0 1 0 2 1 3 5

i
U1

Subtracting the trivial character, we obtain

(5) (4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
-1 0 -1 1 0 2 4

The representation Uz The group G30) = 63 x G, has order twelve;
thus the induced representation U3 2y has dimension ten.

We compute the character v o) using formula (1). This can be inter-
pretted combinatorially: To compute v(32)(C),), we must count the number
of ways the partition p can be separated into subpartitions with 3 and 2
elements, modulo the action of &3 x &,. For u = (5) and (4, 1) there no
such subpartitions. The p = (3,2) and (3,1, 1) there is a unique such parti-
tion. For = (2,2,1) there are two subparitions, i.e., 5 = {24+ 1} + {2/} =
{2 +1} + {2}. For u = (2,1,1,1) we have four subpartitions:

5= {241} {1+1"} = {241} +{1+1"} = {241"} = {141} = {1+1+1"}+{2};

for p=(1,1,1,1,1) we have ten.
Thus we have:

pl () (4,1 (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
vEzy | 00 1 1 2 4 10



We compute inner products with irreducible characters we already have:

1
(ve2) X)) = m(zo +20 4 15(2) + 10(4) + 10) = 1

and

1
(U(3,2)|X(4,1)) = EO(—20 + 20+ 80+ 40) = 1.

Write

Uz = Viz2) @ Viu) @ Vis)
where V(32) consists of the irreducible components distinct from V{4 ;) and
Vi5)- Let x(32) be the character of the first summand:

pl(5) (41) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
X3z | 0 —1 1 -1 1 1 5
Since
1
120
we conclude V(39 is irreducible.

(Xxe2lxE2) (30 +20 4+ 20 + 15+ 10 + 25) = 1

The representation Uz ;) The group &3 1,1) has order six, so dim Uz 1 1) =
20. Arguing similarly to the previous case, we find:

pl () (4,1) (3,2) 3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
vein| 0 0 0 2 0 6 20

Computing inner products of characters, we obtain

(veanxe) =L (veinlxan) =2 (veinlxes) = 1.
Thus we find
Uz = Vi) @ Vize) @ V(Sﬁgl) ® Vi),
where V{3 1,1) contains the components distinct from the last three irreducibles.

If x(3,1,1) denote its character we find

p)(5) (41) (3,2) 3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
X(371’1) 1 0 0 0 —2 0 6

and
(X(371,1)=X(3,1,1)) =1.
Thus V(31,1 is irreducible as well.



The representation Uiz 21) The group G591y has order four, so dim U9 1) =

30. Enumerating subpartitions as above, we find:

pl(3) 41 (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
Vesny| 0 0 0 0 2 6 30

The inner products with the irreducibles we have are:

(ve2nlxe) =1 (veanlxan) = 2, (vesnlxes) = 2 (veenlxein) = 1.
Thus we find

U(221)—V221€9V(311)€BV( @‘/(?21)@‘/5),

where V(291) contains the components distinct from the four known irre-
ducibles. If x(2,2.1) denotes its character we have

p|(5) 4,1 (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
X(272,1) O 1 —1 —1 1 —1 5

and
(X(2,2,1), X(2,2,1)) =1.
Thus V(2 1) is irreducible as well.

The representation Up ;1) The group &(:11,1) has order two, thus
dim Ug,1,1,1) = 60. Computing as above, we find:

p|(5) (41 (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
V(2,1,1,1) 0 0 0 0 0 6 60

The inner products with the irreducibles we have are:
(U(2,1,1,1 ‘X ) I, ( U(2,1,1,1) ‘X 41)) =3, (U(21 1,1 |X(32 ) =3,
(U(2111) Xe1n) =3, (Ve |Xes) ) = 2.

Thus we find o 5
Uity = Vo111 @ Vage @ V(?l 1)

@V@g) ® Vi © V)

where V(3 1 1,1) consists of the summands distinct from the known irreducibles.
If X(2,1,1,1) denotes its character we have

pwl(5) (4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
X(271’171) —1 O 1 1 0 -2 4



and
(X(2,1,1,1)aX(2,1,1,1)) =1.
Thus V{2,1,1,1) is also irreducible.

The representation U(;;1,,1) Here we are inducing from the trivial rep-
resentation, so U q,1,1,1) is the regular representation. Thus we have

®) 41) 32 G1.1) 221 (2,111 (1,1,1,1,1)
0 0 0 0 0 0 120

o
U(1,1,1,1,1)

We know that the regular representations decomposes
Uty = Vi1 © V;?fl,l S ‘/26,52?2 S Vg%) @ V(?g) ® V(%) ® Vi),

where V1111 is the summand containing the final irreducible. Its character
X(1,1,1,1,1) is

I
X(1,1,1,1,1)

(5) (4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
1 -1 -1 1 1 -1 1 ’

Of course, we recognize this as the character of the alternating representation.
We summarize these computations:

Proposition 0.4 Consider the symmetric group S5, and the Young sub-
groups &, for each partition \. Let Uy denote the representation on Ss
induced from the trivial representation of &x. Then U, admits a distin-
guished irreducible representation Vy, and every irreducible representation of
G5 arises in this way.

Corollary 0.5 There is a natural bijection between conjugacy classes C) C
S5 and irreducible representations V) of Gs.

Corollary 0.6 All characters of G5 take values in the integers. Every rep-
resentation can be written using matrices with rational entries.

We prove the last statement: The matrices appearing in U, have integer
entries. The formula for the projection

pa Uy — V)

was computed explicitly in terms of x,; see chapter two of Serre. The formula
there implies that the entries of matrices arising in V) have denominator
dividing 5!.



Tabulation of the characters of U,

wl(5) (4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
vy | 1 1 1 1 1 1 1
v | 0 1 0 2 1 3 5
’0(3,2) 0 0 1 1 2 4 10
’U(3’171) 0 0 0 2 0 6 20
V21 | 0 0 0 0 2 6 30
V1,11 | 0 0 0 0 0 6 60
vay | 0 0 0 0 0 0 120
Tabulation of the irreducible characters
pl(5) 4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)
Xy | 1 1 1 1 1 1 1
X(471) —1 0 -1 1 0 2 4
X@32) | 0 -1 1 -1 1 1 5
X3y | 1 0 0 -2 0 6
X(2,2,1) 1 -1 -1 1 -1 5
X1 | —1 0 1 1 0 -2 4
X111 | L -1 —1 1 1 -1 1

Reference: Fulton and Harris, Representation Theory: A First Course,

Springer-Verlag, 1996



