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Application of invariant inner products We start with some basic
linear algebra

Proposition 0.1 Let (|) be an inner product on R™. Then there exists a
basis fi,..., fn of R™ such that

(Ulfl + - +Unfn|w1f1 + - +wnfn) = nw; + vws + - - +Unwn-

In other words, each inner product can be transformed to the standard inner
product by a suitable linear change of coordinates.

Proof: Let eq,...,e, denote the standard basis of R"; let A denote the
symmetric matrix associated to (]), i.e.,

(v|w) = v" Aw.
We can compute the entries a;; of A by the formula
a; = (eiler) ,  ay = (eile;) /2,0 # j.

The Spectral Theorem implies the existence of an orthonormal basis
e},...,e, over which A is diagonal with real eigenvalues Ay,..., \,, i.e.,

(6”6;) = /\1513

Since the inner product is positive definite, each eigenvalue is positive. Take
fi =€ei/\/ A, so that
(fil f;) = ;.



Corollary 0.2 Let p : G — GL(V) be a representation of a finite group,
where V is a real vector space of dimension n. Then p is conjugate to
representation p' : G — O(R"™), where O(R™) is the group of orthogonal
matrices with respect to the standard inner product on R".

Proof: Let (]) be an inner product on V invariant under the action of G.
Applying the proposition, we obtain a basis for V' for which this is equal
to the standard inner product. When we write p in terms of this basis, the
elements p(o),0 € G, preserve the standard inner product, and thus are
orthogonal.

Here we give a concrete application: Let p : G — GL(R?) denote an
injective representation of a finite group. The corollary shows that this is
conjugate to a representation

p G — O(R?),
Recall that elements of the orthogonal group have determinant +1. Define
H={oeG:detp'(c) =1} C G,

which is either equal to G (if every element there has determinant one) or
has index two.
Now the subgroup

SOR?) = {A € OR?) :det A =1} = {(COS@ ‘Sine)},

sinf  cos6

the group of rotations of the plane. This is an abelian group and every finite
subgroup is cyclic; in particular, H is the set of rotations by 27j/n radians,
for some n € N.

If G = H then G is also a group of rotations. Otherwise, G contains
an element of determinant —1, i.e., a reflection, which is not contained in
H. 1In this case, G = D, the dihedral group of order 2n. Choosing the
coordinate axes in such a way that the reflection fixes the z-axis, we recover
the representation for D,, introduced in the first class.

To summarize:

Proposition 0.3 Any finite subgroup of GL(R?) is isomorphic to C, and
D,,, and the representation is conjugate to the representations introduced pre-
viously, i.e., if C, = (o : 0" =1) and D,, = (0,7 : 0" =72 = 1,707 = 0?)
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then
(cos 27 /n  —sin 27r/n)
oo

sin2mw/n cos2m/n
_ 1 0
T 0 —1)
Decomposition of a regular representation into irreducibles Let

p: C, — GL(C™) denote the regular representation of C,, = (o : 0" = 1).
We write {ey,e,,...,e.m-1} for the standard basis such that

p(O’) *€gi = €45+1.

To decompose this into irreducibles, the key step is to diagonalize the
generator p(o). How do we exhibit eigenvectors of this?

We have already seen that averaging the basis vectors of a regular repre-
sentation gives an invariant vector

Vg =€+ €5+ -+ + €yn-1,

ie., p(o) - vy = vy. Let ¢ = e*™/™ be a primitive nth root of unity. Consider
the ‘weighted’” average

n—1

v =e€1+ (gt + (" egno1 = Z (o,
=0

which satisfies
p(o) vy =ty
More generally, for each 7 =0,...,n — 1 we can consider
n—1
v = Z (Vegs,
i=0
which satisfies
p(o) - v; = (v

We claim that {vg,...,v,_1} is an eigenbasis for C" under the action of
C,,. To see these are linear independent, consider the change-of-basis matrix
1 1 1 e 1
1 ¢ (2 NG
1 C2 C4 . CQ(nfl)
1 : - :
1 Cn—l C2(n—1) . ((n—l)2
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which is a Vandermonde matrix, with determinant

[T @-¢#o.

0<i<j<n—1
Consequently, we conclude
Cn:%@%@@v’n—h

where V; = Cv; and p(o) acts on V; via multiplication by (7.



