Potential Math 465 Projects

These are intended to be advisory in nature-feel free to choose your own
topic. A reasonable subset of what is sketched here could make a perfectly
good project. The quality and rigor of the exposition will weigh more heavily
on the grade than length or completeness. You should strive to achieve the
standard of clarity of a well-written textbook intended for your peers.

1)Read the account of invariants of finite groups in Chapter Seven of Cox,
Little, and O’Shea. We work over an algebraically closed field k£ of charac-
teristic zero. Let (, be a primitive rth root of unity, i.e., {f =1 but (" # 1
for any m|r. Over C we have

G = exp(2mia/r), a€Z,(a,r)=1.

For some (or all!) of the following group actions on k[z, y|, compute the ring
of invariants and the equations they satisfy.
a)The cyclic group of order r generated by

or = (,y) = (G, G y).
b)The dihedral group generated by o, and
p:(z,y) = (iy,izr), i*=—1.
¢)The cyclic group of order four
(z,y) — (iz, iy).
d)The cyclic group of order five
(z,y) = (¢G5, ¢3y)

e)Speculate on why the case where G C SL, differs from the general case.
For more information, see the article Young Person’s Guide to Canonical
Singularities by Miles Reid, in the 1985 Bowdoin conference proceeding.

2)We work over an algebraically closed field & of characteristic zero. We
consider differential operators with constant coefficients

D= Z a,lznﬂ azn .
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Do some or all of the following.
a)Show that the contant coefficient differential operators

LR

R:k[axl,,a]

form a commutative ring, isomorphic to a polynomial ring in the variables
8 _ 2

(91.—6—1“,...,8”—%. '

b)Let W C k[z1,...,x,] be a vector space of polynomials. Let

ann(W)={D e R:Df =0 for each f € W}.

Show that ann(W) is an ideal in R.

c¢)Assume that W is finite dimensional. Show that the variety V (ann(W)) is
the origin. Hint: If all the polynomials in W have degree < d then differential
operators of degree > d are automatically in ann(W).

d)Let I C R be an ideal and assume that V (/) is the origin. Show that I
contains m¢ for some d, where

m = (81,...,8n>,
and R/I is finite dimensional. Show that
X(I)={f €klz,...,z,]: Df =0 for each D € I}

is a finite dimensional vector space.

e)Under the assumptions of (d), show that R/I has the same dimension as
X(I).

f)Set n = 2 and consider the polynomial f = z? + z2. Compute ann(f) and
Y(ann(f)). Do the same for f = x3 — z3.

g)Retain the assumptions of (d). Show that 3([) is translation invariant, i.e.,
if f € X(I) then f(z1+ a1, 2+ ag, ..., T, +a,) € B(I) for each (ai,...,a,).
Hint: Use the chain rule.

h)Let f € k[zy,...,z,]. Show there is a unique, minimal translation invari-
ant subpsace containing f. Hint: Expand f(z; + ay,...,2Z, + a,) out as a
polynomial in klay, ..., a,][x1,. .., T,

i)Let W C k[zy,...,z,| be a finite dimensional translation-invariant sub-
space. Assume that W contain a cyclic vector, i.e., a polynomial f such that
W is the minimal translation invariant subspace containing f. Show that



W = X(I) for some ideal I containing m¢ for some d. Hint: Consider the
differential operators annihilating f.

For more information, see my joint paper with Y. Tschinkel, Geometry of
equivariant compactification of G.

3)Compute equations for the images of the following maps. Use Grobner
g g
bases for the first few cases. For the general case, write the equations in
g
determinantal /matrix form.
a)The rational normal curve of degree d:
¢ i K — kM
(5,1) — (5%, 5971, 5242, 1Y),

b)The two-fold Veronese imbedding:
¢ : k"> £("37)
(S0, 815+ -+, 8n) — (8(2), 50,81, -+« Sn—15n, 82).

Hint: Use symmetric matrices.
¢)The Segre threefold

b - K5 kS
(s,t,z,y,2) — (sz, sy, sz, tx, ty, tz).

4)Let fi,..., fr, be homogeneous polynomials in R = k[xo, ..., z,| with I :=
Yo(I) ={f1,---, fry)- Recall we showed there is a surjection of R-modules

g : R™— ()
(91,--59n) = frn + -+ fri0n
with kernel ¥ (1) equal to the module of syzygies for I.
a)If you haven’t already done so, show that any submodule of R™ is finitely
generated. Look at the hints in prior problem sets!

b)Assume that 3 (/) has ro homogeneous generators, i.e., with the g; homo-
geneous. Show there is a surjection of R-modules

R = 2,(I).



The kernel ¥5([) is called the module of higher order syzygies and is finitely
generated.
c)Iterating in this way we obtain a sequence

0—-%,I)>R"—>R"*—...R"P—R"—>R—>R/I >0.

Prove the Hilbert syzygy theorem, i.e., that ¥;(I) is free for some j < n so
the procedure above terminates after a finite number of steps. The proof is
sketched in Eisenbud’s Commutative Algebra using Grébner basis techniques.
The proof involves developing the notion of a Grébner basis for an arbitrary

submodule of R".
d)Compute the full sequence of syzygies for

2 2
fi= Ty — ToT2, fo= Ty — ToT3, f3 = Tox3 — T122

and
fi =xoxs — 2173, fo = ToTs — T2T3, f3 = T1%5 — Tos.



