
Math 428, Assignment 11: due November 26
1)Consider the period lattice Λ generated by the basic periods

ω′1 = 7 + 8i ω′2 = 3 + 4i

and set
τ ′ = ω′2/ω

′
1.

a)Find an element γ in the modular group Γ so that γ(τ ′) is in the domain

D = {τ ∈ H : |τ | ≥ 1,−1/2 ≤ Re(τ) ≤ 1/2}.

b)Express γ as a product of the generators

S : τ → −1/τ T : τ → τ + 1.

In Chandrasekharan, these are denoted B and A respectively.
c)Find primitive periods ω1 and ω2 of the lattice Λ.

2)Let Λ ⊂ C be a lattice generated by primitive periods ω1, ω2. We say that
Λ admits complex multiplication if there is a complex number α, α 6∈ Z, so
that

αΛ := {αω : ω ∈ Λ} ⊂ Λ.

a)Show that α 6∈ R.
b)Show the multiplication map

µα : Λ → Λ

ω → ωα

can be expressed, in terms of the basis ω1, ω2, as a 2× 2 matrix with integer
entries.
c)Find an example of a lattice with complex multiplication by α =

√
−2;

write down a matrix for µ√−2.
d)Assume there exists a lattice with complex multiplication by α. Show that
α is an imaginary quadratic integer, i.e., it satisfies an equation

α2 + aα+ b = 0, a, b ∈ Z.

Hint: What is the characteristic polynomial for the matrix of µα?
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e)Extra credit: If α is an imaginary quadratic integer, show there exists a
lattice with complex multiplication by α.

3)Fix a positive integer N and consider

Γ0(N) = {
(
a b
c d

)
∈ Γ : c ≡ 0 (mod N)}.

a)Show that Γ0(N) is a subgroup of Γ, called a congruence subgroup.
b)Show that the index of Γ0(2) in Γ is equal to three, with cosets

Γ0(2), SΓ0(2), TΓ0(2), S =

(
0 1
−1 0

)
, T =

(
1 0
1 1

)
.

c)Describe a fundamental domain for Γ0(2).

4)For a lattice Λ, recall that

g2(Λ) = 60
∑

ω 6=0∈Λ

ω−4 g3(Λ) = 140
∑

ω 6=0∈Λ

ω−6.

Let ℘Λ denote its Weierstrass function.
a)For Λ = 〈1, i〉, show that g3(Λ) = 0. Hint: Consider the complex multipli-
cation on Λ

ω → iω.

b)For Λ = 〈1, ζ3〉, where ζ3 = e2πi/3, show that g2(Λ) = 0.

c)Show that there exists no lattice Λ with

g2(Λ) = g3(Λ) = 0.

5)Show that each derivative ℘
(n)
Λ , n > 1, can be expressed as a polynomial in

Q[℘Λ, ℘
′
Λ, g2(Λ)].

6)Consider a lattice Λ with primitive periods ω1 and ω2 and period parallel-
ogram P . For each n ∈ N consider

φ(z) := ℘Λ(nz), n ∈ N.
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Show that φ is elliptic, compute its periods, and describe a period parallelo-
gram.

7)Consider the lattice Λ =
〈
1,
√
−2

〉
. Show that the function

ψ(z) := ℘Λ(
√
−2z)

is elliptic for Λ. Compute the order of ψ, as an elliptic function for Λ, and
identify its poles in the region

P = {x+ y
√
−2 : 0 ≤ x < 1, 0 ≤ y < 1}.
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