Here we elaborate the discussion on page 63 of Miranda:
Let L C C be a lattice and v a complex number such that yL = L. Then
one of the following holds:

1. v =41 and L is arbitrary;
2. y=+tand L ~ Z + Za;
3. v = exp(mik/3),k =1,2,4,5 and L ~ Z + Zexp(mi/3) = Z + L2,
Here the equivalence L ~ L' means there exists an o € C so that
L'=aL={al:le€L}.

Observe that vL = L if and only if vL' = L.
proof: Replacing L by an equivalent lattice, we may assume

L=7Z+ 7w
where w is a (non-real) complex number. Since YL C L we can write
v =71l =an +anw, Yw=a2+ anw
where the a;; are integers. Note that
A — (an a12)
Qg1  G22
is the matrix for the Z-linear transformation

py: L — L
{ — AL

Since this is invertible, we have
det(A) = aj1ae — ajpas = *1.
We can also interpret p, as an R-linear transformation
R? R?
| I
py:C — C

z = vz
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Using the basis {1,i}, we get a matrix for p.,

(Fe0) o))

so that
det(p,) = Re(7)? +Im(7)* = [7[*.

The determinant of a linear transformation does not depend on the choice of
basis, so det(A) = det(u,) and thus |y| = 1.
Consider the characteristic polynomial of A

pa(t) = det(tl — A) = t* — tr(A)t + det(A) = t* — tr(A)t + 1.

The Cayley Hamilton Theorem implies that p4(A) = 0, so pa(7y) acts on L
by multiplication by zero and

7 —tr(A)y +1=0.
Taking complex conjugates
7 —tr(A)y+1=0.
Since 7 is imaginary, v and 7 are distinct roots of t* — tr(A)t + 1 and
tr(A) = v+ 7 = 2Re(y).
Since 7y is on the unit circle, the only possibilities are
Re(y) =0,+1/2,+1
whence
v = +i, #\/__3, +1.
In the first instance we have
L = 72 =7 + Zi.
In the second we have

14++-3

L=uZ=2+2y =L+l

Finally, v = £1 may act on any lattice L.



