83 Linear Combinations, Spans, and Linear Dependence
§3.1 Kernel and Image

Definition Let T : V; — V5 be a linear transformation. The kernel of T is
the set of vectors v € V; such that T'(v) = 0. It is denoted ker(T').

Theorem If 7" : V; — V4 is a linear transformation then ker(7") is a subspace
of V.

proof It suffices to show that ker(7T') is closed uner addition and scalar mul-
tiplication. Given v, w € ker(T), we have

Tw+w)=TwW)+T(w)=0+0=0

by the linearity of 7. So v +w € ker(T") and the kernel is closed under
addition. If r is any scalar, then we have

T(rv)=rT(v)=r0=0

sorv € ker(T"). Consequently, the kernel is closed under scalar multiplication.
O

We can determine whether a linear transformation is injective just by
looking at its kernel:
Theorem A linear tranformation 7" : V; — V5 is injective iff ker(7T") = {0}.

proof (=) Clearly, if T is injective then ker(7") = {0} because only one point
is sent to zero by 7.

(<) Assume ker(T") = {0}, so that T'(v
w,w" € Vi be vectors such that T'(w) =
have

) = 0 implies that v = 0. Let
T(w'). By the linearity of T, we

T(w—w)=T(w)—T(w)=0
which implies that w —w' = 0. O

Example: Let P denote the vector space of polynomials in x and let T": P —

P be defined by the rule
d
T(p) = —(p).
(p) = ——(P)

(Check this is actually a linear transformation!) Then p € ker(T) iff <L (p) =
0, which occurs only when p is constant, i.e.

ker(T) = {ap : ap € R}.

Note that for any polynomial ¢ we have T'(q + ag) = T'(q).

Definition Let T : V; — V5 be a linear transformation. The image of T' is
simply the range of the function T, i.e. the set of vectors v € V5 such that
v =T(vq) for some v; € V;. It is denoted im(7T').

Theorem If T : V; — V5 is a linear transformation then im(7") is a subspace
of V5.

proof We prove that im(7') is closed under addition and scalar multiplication.
Given v,w € im(7T), we can find vy,w; € Vi so that v = T'(v;) and w =
T(wy). But then T'(vi4wy) = T'(v1)+T(wy) = v4w, sov+w € im(T') and the



image is closed under addition. If r is any scalar, then T'(rvy) = rT(vy) = rv.
This means rv € im(7') so the image is closed under scalar multiplication. O

Remark By definition, T': V; — V5 is surjective iff im(7T") = V5.

Ezxample Let T : P — P be the linear transformation defined above. We
prove T is surjective. We must show that for any polynomial p = a¢ +
a1r + ... + aqx? there exists a polynomial ¢ such that %q = p. Setting
q=c+ayr+ %ale +...+ ﬁadxdﬂ where ¢ is some constant, we find that
T(q) = p-

83.2 Linear Combinations and Spans

Definition Let vy, vs,... ,v; be a finite set of vectors in a vector space V.
A vector w is a linear combination of vy, vs, ... ,v; if there exist scalars
r1,T9,...,7, such that

W = 11U + Ty + ...+ LU

The span of the set vy, v, ... , vy is the set of all vectors which may be written
as linear combinations of these vectors, i.e.

span(vy, ... ,vg) = {riv; + rove + ...+ 1rRVE 1, T, .. T € RY

Remark: One can also define the span of an infinite set S C V. It is simply
the set of all vectors which may be written as a linear combination of a finite
number of vectors from S.

Theorem For any vectors vy, ... ,v, € V, span(vy,... ,vg) is a subspace of
V.
proof We prove this set is closed under addition and scalar multiplication.
Let u,w € span(vy,...,v;). Then there exists scalars rq,... 7k, S1,... , Sk
such that

U="rv+...+7"V wW=S810+...+ SpUs.

Adding these together, we have
u+w=(r+ s1)vy + ...+ (rp + sp)vk
so u 4+ w € span(vy, ... ,v). Furthermore, for any scalar r € R we have
TU =TTV + ...+ TV

so ru € span(vy, ... ,v). O

If W C V is a subspace and W = span(vy,... ,vx), then we say that
W is spanned by vq,... ,v. Often, the easiest way to describe a subspace
explicitly is to represent as the span of some vectors. For example, let T :
R™ — R™ be a linear transformation. Then the image of T" is a subspace of
R™. For any vector z = (z1,...,2,) € R” we have T'(x) = 1T (ey) + ... +
x,T(e,) so the image of T is spanned by T'(e1),...,T(e,). These vectors
are just the columns of the matrix for 7. We summarize this result in the
following proposition:



Proposition Let T : R — R™ be a linear transformation and let A be the

corresponding matrix. Then im(7") is equal to the span of the column vectors
of A.

§3.3 Computations Involving Spans
In linear algebra, we often need to answer the following question:

Let vy, v, ..., v, w be vectors in R™. Is w € Span(vy, ... ,vy)?

In other words, do there exist scalars r,... ,r, such that w = rivy + rove +
...+ rpve? First of all, let’s write out the components of all these vectors:

i Ak by

An1 Qnk bn
Our equation then may be written in matrix form:

by (4351 A1k ay;p ... Qi 1
=T + . T =
bn an1 Ank An1 - - Ank Tk

Unwinding the matrix notation

b1 = Q1171+ QT+ ...+ 1Tk
bn = ApiT1 + apaTo + ... + ATk
To reiterate, w € span(vy, ... ,vg) if and only if this system of linear equations

has a solution. (Generally, if a system of linear equations has a solution, we
say that the system is consistent.)

Example 1: Let v; = (1,2,3,4),v; = (2,—1,—-1,0) € R* and let w =
(4,3,5,8). Is w € span(vy,v9)?

Following the reasoning above, we obtain the system of equations

4 1 2

31 12 -1 r1

51 |3 -1 (r2) ’
8 4 0

Expanding these out, we obtain
4:T’1+2T2 3:27”1—7”2 5:3T1—T’2 8:47”1
which has solution 71 = 2 ro, = 1. Consequently, w = 2v; + v and w €
span(wy, wy).
Example 2: Let v; = (1,2,3,4),v, = (2,—1,—-1,0) € R* and let w =

(2,1,3,4). Is w € span(vy,vq)?
This time, we obtain the equations

2:T1+27’2 1:2T1_T2 3:3T1—T2 4:47'1.



We shall show that these have no common solutions, by showing they con-
tradict each other (i.e. they are inconsistent). The fourth equation implies
that r; = 1. However, adding the first equation and two times the second
equation we obtain

4 = (7’1 + 27’2) + 2(27”1 — 7”2) = 57’1

which implies that ry = % # 1, a contradiction.

Ezample 3: Let vy = (1,2,3,4),v9 = (2,—1,—1,0) and let wy = (4,3,5,8),wy =
(3,1,2,4). Show that

span(vy, vg) = span(wy, wy).
We must prove the two inclusions
span(vy, v2) C span(wy, wz)  span(wy, wy) C span(vy, vs).

To prove the first inclusion, it suffices to show that vy, ve € span(wy, wy). If
we can represent vy, v, as linear combinations of w; and ws, then any linear
combination of v; and v, is a linear combination of w; and wsy. Solving the
linear equations, we find that

V] =W — We Uy = 2wy — W.

This proves span(vy,ve) C span(ws,wsy). To prove the reverse inclusion, it
suffices to show that wy,ws can be represented as linear combinations of v,
and vy. After solving the linear equations, we find

w1 :2U1+U2 W9 = V1 + V2
so span(wy, wy) C span(vy, va).

83.4 Linear Dependence
Definition Let vy, vs,... , v be vectors in a vector space V. We say these
vectors are linearly dependent if there exist scalars cq,... , ¢, not all equal
to zero, such that

C1U1 + CoUy + ... + v = 0.

Such an equation is called a dependence relation.

The vectors vy, ve, ... , v are said to be linearly independent if they are not
linearly dependent. In other words, if c;vy + covg + ... + ¢, = 0 then
61262:...:Ck:0.

Eramples:

1)A set consisting of a single vector v; is independent if and only if vy # 0.
2)Two vectors vy, vy are independent if and only if both vectors are nonzero
and the vectors are not ‘parallel’; i.e. v; # avy for any scalar a € R.

3)The standard basis vectors eg, e, ... , e, in R are linearly independent.

Theorem Let vq,...,v; be linearly independent vectors. Then for each
N =1,... k—1 we have

Span(“la”?a s 7UN) g Span(’Ul,’Uz,. .- aUN7UN+1)‘



proof Any vector which is a linear combination of vy, vq,... ,vyN is also a
linear combination of vy, vs, ... ,vn41, SO the inclusion

span(vy, vg, ... ,vy) C span(vi, vy, ... , UN, UN{1)

is clear. To prove equality does not hold, we argue by contradiction. Assume
that span(vy, ve, ... ,vy) = span(vy, vg, ... , 0y, Uny1) for some N. Then we
could write

UN41 = C1U1 + CoU2 + ... + CNUN

for some ¢y, ... ,cy. But this implies that
c1v1 + v+ ... +eyoy — o1 =0
which contradicts the independence hypothesis. [

83.5 Calculations Involving Linear Dependence
In linear algebra, we are often confronted with the following question:

Let vy, vq,...,v, be vectors in R". Are vy, vs,...,v; linearly
dependent?
In other words, are there scalars c¢q,... ,cg, not all zero, such that cjv; +

CoUo + ... + v, = 07 First of all, we write out the components of all these
vectors
ai A1k
V1 = . V =
QAn1 Qnk

Our equation then may be written in matrix form:

ai a1y apy ... Qg 1 0

(n1 Ak p1 .. Qpg Cr; 0
Notice that (ci,...,c,) is a solution if and only if it is in the kernel of
the matrix whose columns are equal to vy,...,v;. Unwinding the matrix

notation, we obtain

ajicy +appcs+...+ape, = 0

Ap1C1 + ApaCo + ...+ appc, = 0.
To repeat, the vectors vy, ... , v, are dependent if and only if these equations
have a nonzero solution (cy,ca, ..., ck).

Example: Let vi = (1,2,3),v5 = (2,1,2),v3 = (1,1, —1) € R?. Following the
discussion above, we obtain the equations

12 1 ¢ 0
21 1 | =0
3 2 -1/ \e 0



Writing these out, we obtain
Cl+202+63:0 261+CQ+03:0 3Cl+202—63 = 0.

Solving, we find that ¢; = ¢o = ¢3 = 0 is the only solution, so vy, vs, and v
are linearly independent.

Exercises
1)Let v1 = e1,v9 = €1 + €2,v3 = €1 + €3 + €3, and vy = €1 + €2 + €3 + ¢4 be
vectors in R%.

a)Show that w = e; + 2ey + 3e; + €4 € span(vy, v, V3, Uy).

b)Show that w = e; + 2e5 + 3e3 + e4 & span(vy, vg, vy).

¢)Show that vy, v9, v3, vy are linearly independent.

2)Let P be the vector space of polynomials in . Let py = 1 —z, py = 1 — 122,
and p; =1 — a3,

a)Show that pq, pa, p3 are linearly independent.

b)Show that 1+ z + 22 & span(py, p2, p3).-

c¢)Show that span(pi, p2, p3) = span(l —z,1 — 2z + 22,1 — 3z + 322 — 23).

3)Let Tp : R?> — R? denote counterclockwise rotation through an angle 6.
Recall that Ty has matrix

cosf) —sinf

sinf cosf )

Verity Ty, o Ty, = Tp, 19, by multiplying matrices.
Let J : R? — R? denote reflection across the y-axis. Compute a matrix for
J and verify that JoTy =T 40 J.

4)Let S : V) — Vo and T : V4, — V5 be linear transformations.

a)Show that ker(S) C ker(7 o 5).

b)Show that im(7 o S) C im(T).

c)Show that 7o S = 0 iff im(S) C ker(7).
5)Let T': V' — W be an injective linear transformation and let vy, vy, ... , v
be linearly independent vectors in V. Show that T'(vy), T (v), ... ,T(vy) are
linearly independent as well.



