Problem 1-1: Prove that three points x,y, 2z € R" lie on a line if and only
if there exist scalars t1, to, t3, not all zero, such that

t1+t2+t3 = 0 (1>

First we prove the ‘only if’: Suppose that x,y, and z all lie on a line L,

determined by the points v, w € R™. By the definition of a line, there exist
numbers sy, o, 53 € R with

r = (1—-s)v+sw
= (1 — SQ)U + Sow

z = (1—s3)v+ s3w.
Setting t; = so — s3,t3 = S3 — s1, and t3 = $; — S9, we have

t1+t2+t3:(52—83)+<83—51)+(81—82):O

and
e +ty+tsz = [(s2—53)(1—51)+ (s3—51)(1 —52) + (51 — 52)(1 — s3)]v
+[(52 - 33)51 + (53 - 81)82 + (81 — 82)53]w
= 0v+ Ow.

We are done except in the case t; = t; = t3 = 0. Then we have s = s5 = s3
and r = y = z. Here we can take the relation z —y = 0, i.e., t; = 1,15 =
—1,t3=0.

Now we prove the ‘if”: Without loss of generality, we may assume t; # 0.
Relation 2 allows us to write

Tr = —tg/tly — tg/tlz.
If we set 7 = —t3/t; then relation 1 gives
1—7=1 +t3/t1 - (tl +t3)/t1 = —tg/tl

so that
r=(1—-1)y+7z. O

Problem 1-2: Prove that z,y,0 are collinear if and only if z is a scalar
multiple of y or y is a scalar multiple of x.



First, we prove the ‘only if’ part: Suppose z,y, 0 are collinear, so by the
previous problem there exist ¢y, 9, t3 € R, not all zero, with

by +1t + 13
tlfL‘ + tgy + t30 = tll' + tgy =

Now t¢; and t5 cannot both be zero; indeed, if t; =ty = 0 then t3 = —t; —ty =
0 as well. So without loss of generality we may assume t; # 0, which allows
us to write

xr = —t2/t13/>

i.e., x is a scalar multiple of y.
Now for the ‘if” part: Let’s first assume x is a scalar multiple of y, i.e.,
y = ax for some a € R. We have

ar—y+(1—a)0=0

so this satisfies the conditions 1 and 2 for t; = a,t, = —1,t3=1—a. O



