
Clay Mathematics Proceedings
Volume 8, 2009

Generalized Fermat equations
(d’apr ès Halberstadt-Kraus)

Pierre Charollois

A. In this paper, we summarize the work of Halberstadt and Kraus on generalized
Fermat equations of the shapeaxn

+ byn
= czn. In particular, we sketch the proof that, for

fixed odd coprime integer coefficientsa, b, c, there is a set of primesn of positive density
for which only trivial solutions (x, y, z) occur.
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1. Introduction

Our purpose is to publicize the statement and the proof of thefollowing theorem
[HK02, théorème 2.1]:

T 1.1 (Halberstadt-Kraus (2002)).Let a, b, c be odd pairwise coprime integers.
Then there is a set of primesP = P(a, b, c) of positive density such that if p∈ P, then the
equation

(1) axp
+ byp

+ czp
= 0

has only trivial rational solutions(x, y, z) ∈ Q3.

A solution (x, y, z) is called trivial in our context ifxyz= 0.
One must point out that before Wiles’s work, even the casea = b = c = 1 was

unknown. Theorem 1.1 exhibits the first infinite family of generalized Fermat equations
having only trivial solutions.

Note that the set of primesP will be given by congruence conditions. These can be
made more precise and explicit for particular choices of triples (a, b, c). For instance, the
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proof of Theorem 1.1 yields the following, providing a partial answer to a question raised
by Serre [Ser87, p.204]:

T 1.2. If p ≥ 7 is a prime number satisfying p. 1 mod 12, the equation

xp
+ 3yp

+ 5zp
= 0

has only trivial solutions overQ. So does the equation

xp
+ yp
+ 15zp

= 0.

The proof of these theorems relies crucially on the modularity theorem for elliptic
curves from Wiles and his followers, as well as Ribet’s level-lowering theorem. Another
expository paper on the application of these modular techniques to Diophantine equations
can be found in [Sik07].

It is a pleasure to thank Henri Darmon and Alain Kraus for their help and their support.

2. Preliminary section

In this section, we give some classical necessary preparation for the theorems. Namely,
following the lines of the exposition in section 4 of [Dar], we attach successively three
objects to a hypothetical solution (x, y, z) of (1):

1. A Frey curveE0 whose invariants can be computed.
2. A representationρ describing the action of Gal(̄Q/Q) on thep-division points of

E0.
3. Corresponding toρ is a cusp formf of weight 2 forΓ0(N), whereN divides the

conductor ofE0. We then reduce to the case wheref has integer coefficients.

After this preparation, the point is to be able to discard allsuch modular forms. Halber-
stadt and Kraus manage to do so using their so-called “symplectic criterion” which will be
explained in detail in the last section.

We proceed by contradiction and start from a hypothetical non-trivial solution

(x, y, z) ∈ Q3

of equation (1). Adjustingpth-powers and clearing denominators, we can assume without
loss of generality thatx, y, z are coprime integers, and thata, b andc do not contain any
pth-powers.

One can reorder and label the three integersaxp, byp andczp by A, B andC respec-
tively so thatB is the only even integer among them, andA ≡ ±1 mod 4. By adjusting
the signs of our solution, we are reduced to the case whereA ≡ −1 mod 4. To this data
A+ B+C = 0 we attach the Frey curve overQ

E0 : Y2
= X(X − A)(X + B).

The computation of its invariants on this model using classical formulae [Sil86, p.46] leads
to:

c̃4 = 16(A2
+ AB+ B2) and ∆̃ = 16(abc)2(xyz)2p

= 16(ABC)2.

If ℓ , 2 is a prime dividing∆̃, it cannot divide ˜c4. HenceE0 is semi-stable outside 2.
To study the reduction ofE0 at ℓ = 2, let us change the variables toX′ = 4X and

Y′ = 8Y + 4X. Assuming that 16 dividesB (since we will assume thatp ≥ 5, even 32
dividesB), one obtains a global minimal Weierstrass equation forE0 overQ. At this point
the minimal discriminant turns out to be

(2) ∆(E0) = 2−8(ABC)2,
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andc4(E0) is odd. Finally,E0 is also semi-stable atℓ = 2, and thus is semi-stable. Its
conductor is the radical of the discriminant, that is (because 32 dividesB)

NE0 =

∏

ℓ prime,ℓ|ABC

ℓ.

Key observation: Notice the factor 2−8 involved in formula (2) for the minimal discrim-
inant. The “minus sign” of the exponent turns out to be crucial in the proof of Theorem
1.1.

The set ofp-torsion pointsE0[p] of E0(Q̄) forms aFp-vector space of dimension 2.
The absolute Galois groupGQ = Gal(Q̄/Q) acts naturally onE0[p]. Thus we obtain a
representation

ρ : GQ → Aut(E0[p]) ≃ GL2(Fp).

If ρ is reducible, thenE0 contains a rational subgroup of orderp. This cannot be the case
if p ≥ 17 because of the boundedness result of Mazur [Maz77, Th. 8] for the torsion of
elliptic curves overQ. Henceρ is irreducible ifp is large enough. Notice how our original
Diophantine question has been transferred to this new Diophantine problem solved by
Mazur. For more on this result, see [Reb] in this volume. This boundp ≥ 17 is sufficient
for us to prove Theorem 1.1. Nevertheless, a more precise result is given in [Kra97,
Lemma 4] showing thatρ is irreducible as soon asp ≥ 5.

Serre [Ser87] associates to such a representation a conductorN|NE0 . In our context we
have

N = 2 rad(abc) := 2
∏

ℓ prime,ℓ|abc

ℓ.

By the result of Wiles [Wil95], the semi-stable elliptic curveE0 is modular: the func-
tion on the upper half-planeτ 7→

∑

n≥1 an(E0)qn belongs to the spaceS2(Γ0(NE0)) of cusp-
idal modular forms of weight 2 onΓ0(NE0).

The “lowering the level” Theorem of Ribet [Rib90] ensures that the representationρ
is then modular: there exists a newformf = q+

∑

n≥2 anqn of weight 2 onΓ0(N) (whereN
now depends only onabcand not on (x, y, z) or p) and a placep of K f = Q(a2, . . . , an, . . .)
abovep such that

(3)
i) aℓ ≡ aℓ(E0) mod p if ℓ ∤ NE0 p
ii ) aℓ ≡ ±(ℓ + 1) modp if ℓ | NE0 andℓ ∤ pN.

In the case of Fermat’s last Theorem, one could show thatN = 2 and the previous
results were enough (!) to derive a contradiction since there is no cusp form of weight 2
and this level. In proving Theorem 1.1 and 1.2, Halberstadt and Kraus needed to refute the
existence of such a form using an additional argument.

3. Proof of Theorems 1.1 and 1.2

Let f be the modular form of levelN given by the previous construction. Bothf and
N do not depend on the solution (x, y, z) nor on p. We first reduce to the case where the
modular form f has coefficients inZ. Otherwise, the finite extensionK = K f of Q has
degree bounded byg = dimQ(Snew

2 (Γ0(N)). Let aℓ < Z for the smallest possible primeℓ.
Both g andℓ do not depend onp. We can assume thatℓ does not dividepN becauseaℓ
would be 0, ±1. Thus in the previous casei) p dividesNK/Q(aℓ − aℓ(E0)), while in caseii )
p dividesNK/Q(aℓ ± (ℓ + 1)). The Hasse bound gives|aℓ(E0)| ≤ 2

√
ℓ, while Weil-Deligne’s

bound shows that|σ(aℓ)| ≤ 2
√
ℓ for each real embeddingσ of K.



86 PIERRE CHAROLLOIS

In any casep is bounded by a number depending only ona, b, c. Therefore, choosing
large enoughp we can make sure thatf has integer coefficients. Under this hypothesis, the
Eichler-Shimura theory provides an elliptic curveE′ overQ of conductorN such that the
Hasse-Weil function ofE′ is

∑

ann−s.

For almost all primesℓ, the congruence relations (3) impose thataℓ ≡ aℓ(E0) mod p.
This is enough to show that the Galois modulesE[p] and E′[p] are isomorphic. For, if
ℓ ∤ pNE0 the Frobenius element Frobℓ in Aut(E[p]) has trace (resp. determinant)aℓ mod
p (resp. ℓ mod p). The same occurs withE′. By the Chebotarev density theorem, this
implies that an elementg ∈ GQ has the same characteristic polynomial when it acts on
E[p] or E′[p]. Thus the two representations ofGQ in the p-division points ofE andE′

have isomorphic semi-simplifications. Our assertion follows sinceE[p] is irreducible.

At this point, the following key proposition is in order:

P 3.1 ( [KO92], Prop. 2). Let E and E′ be two elliptic curves overQ with
minimal discriminants∆ and∆′, and let p be a prime number.

Assume that the groups of p-torsion points E[p] and E′[p] are isomorphic as GQ-
modules. Assume also that E and E′ have multiplicative reduction at a common prime
ℓ , p such that p does not divide the valuation vℓ(∆). Then we have

a) The prime p does not divide vℓ(∆′).
b) The following conditions are equivalent:

(i) there is a symplectic (viz. compatible with the Weil pairing on E[p] and
E′[p]) isomorphism between these two representations.

(ii) the quotient vℓ(∆)/vℓ(∆′) is a square in(Z/pZ)∗.

We postpone the proof of this “symplectic criterion” to the last section. The way it
implies Theorems 1.1 and 1.2 is a bit tricky. Up to isogeny, there is only a finite number of
elliptic curves overQ of conductorN, sayE1, . . . ,Eh. We label our previous curveE′ = E j

among them, and we want to apply the criterion to the pair (E0, E j).
Recall thatE0 has minimal discriminant

∆(E0) = 2−8(abc)2(xyz)2p.

We can assume that|abc| > 2 by Fermat’s last theorem. Now we choose a first primeℓ1
dividing the odd integerabc, andℓ2 = 2. If p is large enough,p divides neithervℓ1(∆(E0))
norv2(∆(E0)).

Let us emphasise that we are not going to decide whether or notE j andE0 are sym-
plectically isomorphic. But in both cases, Proposition 3.1.b implies thatthe product of the
two terms

vℓ1(∆(E0))
vℓ1(∆(E j))

mod p and
v2(∆(E0))
v2(∆(E j))

mod p

is a squaremod p because both terms are simultaneously squares or non-squares.
Equality (2) shows that the numerator of this product is

vℓ1(∆(E0))v2(∆(E0)) ≡ 2vℓ1(abc)(−8) mod p

≡ − 16vℓ1(abc) mod p.

Therefore the symplectic criterion implies that the integer n j defined by

n j = −vℓ1(abc)vℓ1(∆(E j))v2(∆(E j))

has to be a square modp.
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Hence ifp≫a,b,c 0 is a prime satisfying

(4)

(

n j

p

)

= −1 for all j = 1, . . . , h,

the equationaxp
+ byp

+ czp
= 0 has no non-trivial solution. It remains to show that these

conditions are simultaneously satisfied on a set of positivedensity. To do this, letp be a
prime such that

i) −1 is a non-square modp;
ii) each prime divisor ofn j ( j = 1, . . . , h) is a square modp.

The previous two conditions define a subset ofP which has positive density by Cheb-
otarev’s Theorem. Theorem 1.1 follows.�

Proof of Theorem 1.2 (sketch):

Both equationsxp
+ 3yp

+ 5zp
= 0 andxp

+ yp
+ 15zp

= 0 have coefficientsa, b, c
satisfyingabc = 15. The existence of a putative non-trivial rational solution with p ≥ 7
leads to cusp forms of levelN = 30. There is only one such newform of weight 2. Thus
the Galois moduleE0[p] has to be isomorphic toE1[p], whereE1 is an elliptic curve of
conductor 30, say 30A1 in Cremona’s tables. The minimal discriminant ofE1 is

∆(E1) = −24335.

Then we chooseℓ1 = 2 andℓ2 = 5 to deduce thatn1 = −1 must be a square modp.
But we could also useℓ2 = 3 and obtain that−3 must be a square modp.

The only primesp satisfying both conditions are those congruent to 1 mod 12. If we
avoid such primes, there can be no non-trivial solutions. Therefore we obtain the conclu-
sion of Theorem 1.2, at least forp large enough. The lower bound forp can be made
precise using the explicit formulations of [Kra97]. �

4. Proof of the symplectic criterion

We conclude this paper by proving the key Proposition 3.1, following closely the lines
of [KO92]. The proof consists of a local study ofE andE′ at the placeℓ, for which the
Tate curve model can be used to make the computations explicit.

Let K = Qnr
ℓ

denote the maximal unramified extension ofQℓ. Both E andE′ having
multiplicative reduction overQ at ℓ, their j-invariant is not an integer inK. We deduce
from [Sil94, Th. V.5.3] thatE is uniformized overK by a Tate curveGm/qZ, whereq in K
has valuatione = −vℓ( j(E)) = vℓ(∆). The same is true forE′, with a q′ ∈ K of valuation
e′ = vℓ(∆′).

The given isomorphism and the previous uniformizations combine to provide a
Gal(K̄/K)-module isomorphismΨ between thep-division pointsE[p] of K̄∗/qZ and those
E′[p] of K̄∗/q′Z.

Let us describe the effect of GK = Gal(K̄/K) andΨ on a basis ofE[p], following
[Sil94, Prop. 5.6.1]. First note thatK contains thep th-roots of unity, and let us fixζ a
primitive one. Fix alsoγ ∈ K̄, a p th-root ofq. Then{ζqZ, γqZ} forms a basis forE[p]. The
Galois groupGK acts transitively on thep conjugates{ζ jγ, 1 ≤ j ≤ p}. Hence there is a
distinguished elementσ ∈ GK which satisfiesσ(ζ) = ζγ, i.e. whose matrix is

(

1 1
0 1

)

.

As GK fixesζ, it acts trivially onE[p] iff γ is in K, that is, iff p dividese= vℓ(q). The
same assertion holds forE′[p] and e′. These two Galois modules are isomorphic andp
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does not divideeby assumption, so we conclude thatp cannot dividee′, which is assertion
a). Hence there are integersm andn such that

e′ = ne+mp.

We detail howΨ acts on our basis. Sinceq′/(qnlmp) is a unit inK, it has ap th-root
α ∈ K. We obtain ap th-root of q′ by settingγ′ = γnlmα, completing a basis{ζq′Z, γ′q′ Z}
of E′[p].

Observe that for allg ∈ GK , we haveΨ(ζqZ)g
= Ψ((ζqZ)g) = Ψ(ζqZ) becauseΨ is

compatible withGK . Therefore the matrix ofΨ with respect to the previous basis is upper
triangular, say of the form

(

a b
0 d

)

.

The very definitions ofσ andγ′ lead to the identityσ(γ′) = σ(γ)nσ(lmα) = ζnγ′.
Compatibility betweenΨ andσ can be written in matrix terms as follows:

(

a b
0 d

) (

1 1
0 1

)

=

(

1 n
0 1

) (

a b
0 d

)

.

Identification of upper right entries shows the intermediate identity

(5) a = nd.

Now we turn to the Weil pairing. It is a bilinear alternate pairing satisfying the follow-
ing identities onE[p] andE′[p] respectively:

B(γqZ, ζqZ) = ζ, B′(γq′Z, ζq′Z) = ζ.

Assuming thatΨ is a symplectic isomorphism, we obtain

ζ = B(γqZ, ζqZ) = B′(Ψ(γqZ), Ψ(ζqZ)) = B′(ζbγdq′Z, ζaq′Z) = ζad.

It follows thatad≡ 1 mod p, or nd2 ≡ 1 mod p by (5) andn is a square modulop.
Reciprocally, ifn is a square modulop, there is an integerr such thatr2nd2

= 1
mod p. It can be easily checked that ther th-powerΨr defines the requiredsymplectic
isomorphism between the Tate curves, henceE andE′ are symplectically isomorphic.�

5. Limitations of the method

The paper [HK02] presents the symplectic method and two others (called the reduc-
tion method and the decomposition method) to handle the caseof different generalized
Fermat equations. Even if Theorem 1.1 is successful, as it solves an infinite family of
Fermat equations, many questions are still open.

For instance, the remaining casep = 1 mod 12 in Theorem 1.2 cannot be settled
using the methods of Halberstadt and Kraus. This would provide a complete answer to the
question raised by Serre.

The authors also mention (Exemple 2.12) the case of the curve

16x7
+ 87y7

+ 625z7
= 0.

Denote byE0 the corresponding Frey curve and byE1 the elliptic curve 435C2. The
symplectic criterion cannot ensure thatρE0

7 andρE1
7 are not isomorphic sinceE0 andE1

have discriminants 3258292(xyz)14 and 3452292 respectively.

Moreover, the aim of their three methods is to show that the set of solutions of some
generalized Fermat equation is trivial. Thus the case of theDiophantine equationaxp

+

byp
+ czp

= 0 with a + b+ c = 0 falls out of their scope because the non-trivial solution
(1, 1, 1) has to be considered.
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Nevertheless, a result in this setting has been obtained in [DM97], providing an opti-
mistic conclusion to this section and to this note:

T 5.1 (Darmon-Merel (1997) [DM97]). Let n ≥ 3 be an arbitrary integer.
Then the equation

xn
+ yn − 2zn

= 0

has no integer solutions(x, y, z) ∈ Z3 with | xyz|> 1.
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