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Abstract

This paper investigates the strength of the trace field as a commen-
surability invariant of hyperbolic 3-manifolds. We construct an infinite
family of two-component hyperbolic link complements which are pairwise
incommensurable and have the same trace field, and infinitely many 1-
cusped finite volume hyperbolic 3-manifolds with the same property. We
also show that the two-component link complements above have integral
traces, but each has a mutant with a nonintegral trace.

1 Introduction

Manifolds M and M’ are commensurable if there is a manifold N which is a finite
cover for both M and M’. The study of the commensurability relation among
hyperbolic knot and link complements in S® was initiated by W. Thurston,
who gave examples of commensurable and incommensurable knots and links
in Chapter 6 of his notes [25]. Thurston’s incommensurable examples may be
distinguished using their trace fields. For a hyperbolic manifold M = H?/T', the
trace field of M is defined to be the field obtained by adjoining to Q the traces
of elements of T'. Here I' is a torsion—free discrete subgroup of PSL2(C). Any
two hyperbolic link complements in S2 which are commensurable share a trace
field (see Theorem 4.2.1 of [15]). The main theorem of this paper shows that
the converse fails dramatically.

Theorem 1. For any k > 2, there ewist infinitely many commensurability
classes of k-component links in S® each of whose complement has trace field

Q(i, v2).

Our primary object of study is a family of two-component links L,,, n € N,
constructed from tangles S C B3 and T C S? x I. The link Ly is pictured in
Figure 1. The gray vertical lines in the figure determine 4-punctured spheres
which divide Lo, from left to right, into the tangle S, followed by two copies of T',
capped off with the mirror image of S. The link L,, is constructed analogously,
but with n copies of T.



Figure 1: The link Lo

There is a unique hyperbolic structure on B3-S with totally geodesic bound-
ary a 4-punctured sphere. We describe a polyhedral decomposition for this in
Section 2. In Section 3, we give a polyhedral decomposition of a hyperbolic
structure on (S? x I) — T with two totally geodesic 4-punctured sphere bound-
ary components. With these geometric structures, the boundary components of
(82 x I) — T are isometric to the boundary of B — S, so that gluing copies of

— S and (S? x I) — T together along their boundaries as in Figure 1 preserves
the geometric structure of the pieces. This allows us to give an explicit descrip-
tion, in Theorem 3, of the Kleinian group I',, < PSL2(C) which uniformizes
the hyperbolic link complement M, = S® — L,,. This may be of independent
interest.

Our description of the algebra and geometry of M,, allows easy computation
of many geometric invariants. Among these, the complex modulus of the cusps
distinguishes the commensurability class of M,, from that of M,, for m # n. The
complex modulus of a cusp is a commensurability invariant of the Euclidean sim-
ilarity class of a cross—section. This is actually the invariant originally used by
Thurston to distinguish the incommensurable examples in [25]; but as mentioned
above, these examples also have different trace fields. One might suppose that
the complex modulus is simply a sharper commensurability invariant of cusped
manifolds than the trace field, but even for hyperbolic knot complements this is
not the case. For example, the Figure 8 knot complement and the “dodecahe-
dral knot” complements of Aitchison-Rubinstein [5] have commensurable cusp
cross—sections, but the trace field in the first case is Q(v/—3) and in the second
is Q(v/—3,v/5) (see [20], Sections 9 and 10).

Another easy observation using our algebraic description of the M, is that
the elements of the Kleinian groups I',, all have integral traces. On the other
hand, we show in Section 5 that for each n, the complement of a certain mutant
of L, has a nonintegral trace. Bass showed that if M = H?/T" where I' has
an element with a nonintegral trace, there are closed essential surfaces in M
associated to this trace [6]. We say that such surfaces are detected by the trace
ring. In our case, it is easily seen that for any n > 2, closed essential surfaces
in the complements of both L, and its mutant can be obtained by attaching
annuli parallel to the cusps to the punctured spheres separating copies of T. It



is interesting to note that although these surfaces are present in both families of
links, the trace ring does not detect any closed surfaces in the M,,. Integrality
of traces is a commensurability invariant, and so for each n we also obtain that
the complement of L,, is incommensurable with the complement of its mutant.

Our original motivation for this work was the following question, asked of
us by Alan Reid.

Question. Do there exist infinitely many hyperbolic knot complements in S>
which share a trace field?

A negative answer to this question would imply a conjecture of Reid [23],
that the commensurability class of any hyperbolic knot complement contains
only finitely many others. However, the results of this paper would seem to
raise the probability of a positive answer. Although we do not know if our
techniques may furnish such an answer, we use them in Section 6 to give one-
cusped examples.

Theorem 2. There exist infinitely many commensurability classes of one-cusped
hyperbolic manifolds with invariant trace field Q(i,v/2).

Here we use the invariant trace field, which in general is a subfield of the
trace field, since for manifolds which are not link complements in S the trace
field may fail to be a commensurability invariant (cf. [15], Ch. 3). The mani-
folds of this theorem are constructed using the same polyhedral building blocks
as the links of Theorem 1, but with faces identified so that the totally geodesic
boundaries of the resulting manifolds have full isometry group. Their incom-
mensurability again follows by considering the complex moduli of the cusps.
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2 The tangle S

A description of B3 — S as an identification space of an ideal octahedron seems
to be well known, for instance it follows easily from results in [21], but we do not
know of a reference for an explicit proof. We give a detailed, self-contained proof
here for completeness as well as to extract precise algebraic information. First
we describe an identification space Mg of the ideal octahedron. It is possible
to convince oneself that Mg is homeomorphic to B? — S by drawing pictures
(analogous to Thurston’s picture of the Tripus [25]), but our proof follows from
a careful discussion of the relationship between the geometric, algebraic, and
topological objects involved.
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Figure 2: The ideal octahedron and a fundamental polyhedron P for G

Let Mg be the identification space of the hyperbolic regular ideal octahedron
O (see Figure 2) by face pairings r and s, where r takes X; to X fixing the
(ideal) vertex they share, and s takes X3 to X4 so that the vertex they share
goes to the vertex shared by X, and X5. Call the faces of O labeled X; the
internal faces and all others the external faces. Since each external face abuts
internal faces on all sides with dihedral angles of 7/2 and vice—versa, and the
internal faces are identified in pairs, Mg has totally geodesic boundary.

After positioning O in H? so that the face A shown has vertices at 0, 1, and
oo, and the other ideal points have positive imaginary part, O is a subpoly-
hedron of the polyhedron P indicated on the right in Figure 2. The lines and
circles of the figure lie in 9H® = CU{oo} and bound totally geodesic hyperplanes
which contain the faces X1, X5, X3, and X4 of O. Each line and circle is labeled
by the face of O which is contained by the corresponding hyperplane. Each
hyperplane divides H? into two half-spaces, one of which contains the remain-
ing hyperplanes. The polyhedron P is the intersection of all these half-spaces.
The heavy dots, together with oo, are ideal vertices of P. O is recovered by
truncating the open triangular ends of P by geodesic hyperplanes perpendicular
to its faces. For instance, A is obtained by truncating the end bounded by X7,
Xs, and X4 by the geodesic hyperplane H with boundary R U {oc}.

The face pairings r and s are now realized by the isometries

(10 q (22—
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which give corresponding face parings on the polyhedron P. Let G = (r,s) <
PSLy(C). According to the Poincaré polyhedron theorem (see for example [22],
Theorem 11.2.2), the quotient of H3 by G is isometric to the identification
space of P by the side pairings induced by r and s and has G as its fundamental



group. Since r and s also induce the side pairings of the internal faces of O
prescribed to produce Mg, the inclusion O — P induces an isometric embedding
is : MS — Hg/G

Recall that, for a Kleinian group I, the convez core of M = H3 /T, denoted
C(T), is the smallest convex submanifold of M with the property that the inclu-
sion induced homomorphism between fundamental groups is an isomorphism.

Lemma 1. The image of ig is C(G).

Proof. The complement of O in P has four components, each of which is home-
omorphic to the product of an external face with (0, c0), with second coordinate
given by distance to the face. The action of G preserves this stratification and
identifies the faces of these components corresponding to the edge identifica-
tions of the external faces of O. Accordingly, we have that H?/G' is naturally
homeomorphic to

Mg Uanmg (8M5 X [0,00))

Therefore G = 71 M. .
Let Mg be the universal cover of Mg. The developing map Mg — H3
determined by our embedding of the octahedron has image

U q.0.

geG

This follows from the polyhedron theorem, which asserts that the universal
cover of P/G has developing image H?, tiled by G-translates of P. It now
follows from work of Kojima ([11], see also [12]) that the convex hull of G has
boundary consisting of translates of the hyperplanes containing external faces
of O. These cover Mg, and so ig(Mg) is the convex core of H?/G.

O

A combinatorial analysis of the edge identifications of external faces of O
induced by G reveals that Mg has a single 4-punctured sphere boundary com-
ponent F'. As mentioned above, F' is totally geodesic. Let H be the hyperplane
in H? with 9H = R U {oo}. Since A C ‘H there is a subgroup A < PSLy(R),
stabilizing H, which corresponds to F. A fundamental domain for the action of
A is pictured in Figure 3, along with a set of face—pairing isometries generating
A.

An all-parabolic generating set for A is given by

p1 = rt = by
1 1
-1 5
_ -2 _
Py = rSrs = 0 -1
—14 25
_ -1 -1 _
ps = (srs)r—t(srs) = _9 16)'

The final conjugacy class of parabolic elements in A is represented by
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Figure 3: The totally geodesic boundary of Mg

Evidently p; and ps are conjugate in G; so too are ps and py. Combinatorial
examination of the identification space reveals that Mg has two rank one cusps,
and so every parabolic element of G is conjugate to one of p; or ps.

The lemma below clarifies the relationship between B? — S and G.

Lemma 2. With S as in Figure 4, take the base point for w1 (B*—S) to be on the
boundary surface high above the projection plane, and let Wirtinger generators
correspond in the usual way to labeled arcs of the figure. There is a faithful
representation p: m (B% — S) — G with p(a) = p1, p(e) = pa, and p(v) = p3 .

e

Figure 4: The tangle S with labeled Wirtinger generators



Proof. Reducing a standard Wirtinger presentation for 71 (B® — S), we obtain

<a,w, e|lewe ta = awaw71>

Consider the following sequence of Tietze transformations.
<a, w, e, b ‘ b=e law, ewe la = awaw‘1>

1

<a, w, e, b ‘ w = a"teb, ewe la = awaw’1>

<a, e,b

ea"tebe la = aa_lebab_le_1a>

<a, e, b ‘ a leb = bab‘1>

<a,e,b

e = abab’2>

(a,b)

Recall that G is generated by r and s. In fact, G is freely generated by r
and s. This follows from a standard ping—pong argument, since the sides of the
fundamental polyhedron for G' do not intersect in H?. Hence, the representation
p: m(B*—8) — G C PSLy(C) given by a ~— r and b ~ s is an isomorphism
onto G. Notice that the subgroup of 71 (B®—S) corresponding to the 4-punctured
sphere B3 — 05 is freely generated by a, v, and e. It is easily checked that

16 —25 _
p(’U) = (9 _14> = p31

and

ple) = (_01 _51> = po

Therefore p takes 1 (9B — S) isomorphically to A. The fact that meridians are
taken to parabolic elements follows immediately from the observation that any
meridian of S is conjugate in 71 (B — S) to either a or e, and these are taken
to p1 and po respectively.

O

We wish to show that Mg gives B3 — S a hyperbolic structure with totally
geodesic boundary. The terminology we use to make this precise is in J. Mor-
gan’s paper on Thurston’s proof of geometrization for Haken manifolds [18], for
example. Let N(S) be a small open tubular neighborhood of S in B3. Then
B? — N(S) is a compact manifold with genus two boundary, and two annuli
on the boundary defined by ON(S). The pair (B® — N(S),0N(S)) is a pared



manifold ([18], page 58), and (B — N(S)) — N (S) is homeomorphic to B* —S.
When T is a Kleinian group we write C(I') to denote the convex core of H?/T.

Lemma 3. Let (M, P) be a pared manifold, and suppose that p: mM — T <
PSLo(C) is a faithful representation onto a non-Fuchsian geometrically finite
Kleinian group where C'(T') has totally geodesic boundary. If there is a one—to—
one correspondence under p between conjugacy classes of w1 (M) corresponding
to elements of P and conjugacy classes of maximal parabolic subgroups of T,
then p is induced by a homeomorphism of M — P to C(T').

This is a “homotopy hyperbolic manifolds are hyperbolic” lemma for pared
manifolds. While it seems well known to experts in Kleinian groups, we do not
know of a reference for a written proof, and it seems worth writing down as
it may fail dramatically if C'(T') does not have totally geodesic boundary (see
[7] for a thorough exploration of this phenomenon). The proof is not difficult,
following easily from results in [7] for example, but it requires introduction of
the characteristic submanifold machinery. Since this is somewhat outside the
scope of the rest of the paper, we defer the proof to an appendix.

With M = B3~ N(S), P=0N(S), I = G, and p as in Lemma 2, it is clear
that the hypotheses of Lemma 3 are satisfied . Thus B® — S is homeomorphic
to C(G), which by Lemma 1 is isometric to the identification space Mg. Call
the induced homeomorphism hg: B? — S — Mg.

3 The tangle T

In this section we give a description of (S? x I) — T as an identification space
of ideal polyhedra yielding a manifold with two totally geodesic boundary com-
ponents. In fact we show that each totally geodesic boundary component is
isometric to the totally geodesic boundary of B3 — S. As far as we know, the
description of the hyperbolic structure on (S% x I')—T was not previously known.
The method of proof is analogous to that of the previous section, and in some
cases we skip details that were covered before.

Observe that S? x I has a mirror symmetry preserving 7' and exchanging
its boundary components. Let Ty be the tangle in S? x I pictured in Figure 6,
which is obtained from T by cutting along the mirror locus of this reflection.

We describe an identification space My, of the regular ideal cuboctahedron,
the polyhedron pictured on the left in Figure 5. In the figure, interpret the
square face opposite that labeled Y; to be labeled Y/. Let f be the parabolic
taking Y> to Y7, fixing the ideal vertex they share. Let g be the parabolic taking
Y3 to YY, fixing the ideal vertex they share. Let h be the composition of the
elliptic rotating Y3 by 7 about its center with the parabolic taking Yy to Y3
fixing the vertex they share.

Position the ideal cuboctahedron so that the face C' has ideal points at 0,
1, and oo, where the vertex shared by Y7 and Y5 is at 0 and the vertex shared
by Y7 and Y3 is at infinity, and all other ideal points of the cuboctahedron have
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Figure 5: The ideal cuboctahedron and a fundamental polyhedron for Hy

negative imaginary part. Then the face pairing isometries described above are
realized by

. (1 o> g = <—11L2i\/§ 13__2i¢\>/§§>

= (e ).

Let Hy = (f,g,h) < PSL2(C). A fundamental polyhedron for Hy is indi-
cated on the right in Figure 5. As with the ideal octahedron, the cuboctahedron
is recovered from the fundamental polyhedron for H by truncating open ends
by perpendicular hyperplanes. The eight resulting triangular faces are external,
and the six square faces are internal. Again, the regular ideal cuboctahedron
has all right dihedral angles, hence the boundary of M, is totally geodesic. We
have

Lemma 4. The inclusion of the cuboctahedron into the fundamental polyhedron
for Hy induces an isometry i, from Mg, to C(Hp).

Proof. The proof is analogous to the proof of Lemma 1. O

A combinatorial analysis of the identification space M, reveals that it has
two totally geodesic boundary components, each composed of four triangular
faces and homeomorphic to a 4—punctured sphere. Let Fj and F} be these two
totally geodesic punctured spheres, labeled so that Fjy contains the face C' of the
cuboctahedron. Fy and the boundary F' of Mg are combinatorially identical;



this is reflected by the fact that A is the boundary subgroup of Hj fixing the
totally geodesic hyperplane H. Indeed, we have

P = rt = -t
p2 = rsrs”? = fg tfthlyg
ps = (srs)yr—'(srs)™' = (¢7'f'h)gT (h ! fg).

This shows that the convex cores C(G) and C(Hp) have isometric boundary
components, each covered by H. Using the isometric embeddings is and iz,
gives an isometry i9: F — Fj.

Observe that Hy is normalized by

()

whose action on the generators f, g, and h is given by

ofot = fgf "
ogo = (fg O flgf™")
ocho™t = (fg ") (gf ).

Conjugation by o induces an order-2 orientation preserving isometry on My, .
The elements op;o—!, i € {1,2,3}, all preserve the geodesic hyperplane in H3
over the line R —4y/2. This hyperplane contains a triangular face of the cuboc-
tahedron projecting to Fy C Mr,. Therefore the isometry induced by o inter-
changes the boundary components Fy and F of Mr,.

Lemma 5. With Ty as in Figure 6, take the base point for w1 (S% x I)—Ty to lie
on the boundary component corresponding to endpoints a, u, v and e, high above
the projection plane, and take Wirtinger generators in the usual way. There is
a faithful representation w1 (S? x I) — Ty — Hg, which maps a, e, and v to py,
p2, and ps L respectively.

e
Y
PN
_’U/ N
u z

Figure 6: The tangle Ty with labeled Wirtinger generators
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Proof. (S? x I) — N(Tp) may be isotoped in S® to a standard embedding of a
genus-3 handlebody. Thus 71((S? x I) — Tp) is free on three generators. We
claim that the group is generated by a, e, and ¢t. This follows after noticing
that v = y~lzy where y = (ta) ta(ta) and = = (azq) 't(azq) = (ate)~t(ate).
(The relation zg = te used in the last equality comes from the relationship
between four peripheral elements in a 4-punctured sphere group.) So far, we
have established that v,y € (a,e,t). Now using the other punctured sphere
relation, we have u = a~tev € (a,e,t). Finally, 2 = yuy~! and ¢ = z"!te.
Therefore a, e, and t generate the group as claimed.

As in the previous section, it is easily seen that Hy is freely generated by f,
g, and h. For our purposes, a more convenient free generating set for Hy is

{f7 fgfila Pz}-

Note that all of these generators are parabolic and peripheral, and o acts on
them by interchanging the first two and taking the third to its inverse. The
representation of 7 ((S? x I) — Tp) given by

ar f tes fof ! e~ p

is clearly faithful, and it is easily checked that v maps to p3 ! Because u = a~'ev
is mapped to p1paps ! = p,, we conclude that meridians are mapped to parabolic
elements and that 7 ((S? x {0}) — Tp) is taken to A.

There is a visible involution of (S? x I) — T} given by a rotation of 7 around
a vertical line down the center of the diagram in Figure 6. This involution
exchanges the two boundary components. With a proper choice of path between
our basepoint and its image under this involution, the corresponding action on
m1((S? x I) — Tp) is given by
a1 e et
This is the pullback of the aforementioned action by o on Hy. Hence our repre-
sentation maps 71 ((S? x {1}) — Tp) to cAc™ .

O

As in the previous section, it follows from Lemma 3 and the lemmas above
that (S? x I) — Tp, the convex core C(Hp), and Mr, are all homeomorphic.
Call the homeomorphism hz,: (S? x I) — Ty — Mr,, and note that hr, takes
(82 x {i}) —Tp to F; for i = 0 or 1.

We obtain a new hyperbolic manifold M7 by doubling M7, across the bound-
ary component Fj. Using the homeomorphism hz,, we see that the double of
(82 x I) — Ty across (S? x {1}) — Ty is homeomorphic to the double of Mr,
across Fy. That is, we have a homeomorphism hz: (S x I) —T — Mr.

In order to describe the Kleinian group whose convex core is isometric to
My, we introduce some notation. If © is a subgroup of a group I' and g € T" then
we write ©9 for g9g~!. If N is an oriented manifold then N is the manifold
obtained from N by reversing the orientation. If T" is a subgroup of PSLy(C) we
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denote the group whose elements are complex conjugates of the elements of I'

by T. Similarly, if g € PSLy(C) then 3 is the complex conjugate of g. Note that

complex conjugation induces the isometry of H? given by reflection through H,

and that T is the conjugate of I' by this isometry. Hence complex conjugation

induces an orientation-reversing isometry between convex cores C(T') and C(T).
Now consider the element

¢ = ((1) “1/5) € PSL,(C)

and observe that ¢ takes the hyperplane over R — iy/2 to H. Recall that F}
is the quotient of the hyperplane over R — iv/2 by A?. Therefore in H§ the
corresponding surface subgroup A fixes H and H N HS = A,

We are in a position to apply the following lemma, which combines Maskit’s

combination theorem with observations of Morgan (compare with the statement
of Theorem 8.2 of [18]).

Lemma 6 (Maskit, Morgan). Suppose Go and G are Kleinian groups with
A = Go NGy a totally geodesic surface subgroup whose fived circle divides S
into By and By, with the property that for each i, the only elements g; € G;
such that g; Bi11 N Biy1 # 0 are those in A. Then G = (G, G1) < PSLy(C) is
a Kleinian group and as an abstract group we have

G = Go *p Gy

The convez core C(G) is isometric to C(Go)Upr C(G1), where F is the boundary
component of C(G;) corresponding to A.

Proof. The entire lemma except for the last sentence is the statement of Maskit’s
combination theorem for free products with amalgamation [16], in the special
case of amalgamation along a totally geodesic surface. The final sentence follows
from Morgan’s analysis below Theorem 8.2 of [18], noting that in this case the
surface X = f~1(}) is the totally geodesic surface uniformized by A.

O

Lemma 6 and tI&discussion above it show that My is isometric to the
convex core of ( H§, H). For our purposes it will be more convenient to use a
conjugate of this group by c. Define

P P
H = (Hg, (Hg)) = (Hg ,Ho)
(Note that ¢ = ¢ 1, which allows the simplified description of H above.) Clearly,
the convex core C({ H§, H§)) is isometric to the convex core C'(H). This gives
an isometry ip: Mp — C(H).

4 Main theorem

Recall from the introduction that our main object of study is the link L,,
constructed by adjoining n copies of T" end-to-end and capping off on the left

12



by S and the right by S. Let M,, = S — L,,. In this section we give an explicit
algebraic and combinatorial description of M, and use this to prove our main
theorem.

Theorem 3. For each n € N, M,, is hyperbolic and homeomorphic to H3 /T,
where

(2(n—=1)

r, — <G"H HG>

Before we prove the theorem, we set some notation and state and prove a
lemma. Let jo: 0B® — S — (82 x {0}) — Ty be the gluing homeomorphism of

the 4-punctured sphere which produces the complement of the tangle S U Ty of
Figure 7 from the tangles S and Tp.

X

With our choice of base points, the map on fundamental groups induced by
Jo identifies the generators a, u, and v as labeled in Figures 4 and 6. Because
the representations to G and Hy constructed in Lemmas 2 and 5 identify these
same generators in A, the diagram below commutes at the level of m; and so
commutes up to isotopy. (ip is the isometry defined below Lemma 4.)

ja i 2

S

oBd — § —2 (8% x {0}) — Ty

Let 41: Fy — F} be the restriction of the mirror symmetry of My to Fyy and let
g1: (8% x {0}) =T — (S? x {1}) — T be the homeomorphism induced by i;.

From the description of L, below Figure 1, it is clear that M, may be
described as

B® = SUj, (8* xI) =T Uj, ... U, (8? xI) =T U; -1 B = 5.

We summarize the above discussion in the following lemma.
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Lemma 7. M, is homeomorphic to
Mg Uiy M Uy, ... Uy, Mrp U,L-O—l m,

by a homeomorphism that restricts on each component tangle complement to hg
or hp as appropriate.

Proof of Theorem 3. First we claim that MgU;, MpU;, ...U;, My (with n copies
of M) is isometric to the convex core of

<GC2",HC2("’”,...,H>

by an isometry which restricts to i on the rightmost copy of Mp. We prove
this by induction on n.

In what follows we denote by ¢: C(H) — C(H® ) the isometry between
convex cores induced by conjugation by ¢=2. Observe that H ¢ —H. Since H
and G both contain the subgroup A C PSLy(R) corresponding to a convex core
boundary component, it follows that G N H¢ = A and H N H® ~ = A.

Now for the case n = 1, notice that My is isometric to the convex core of
He” by ¢oir, which extends the isometry between Mr, and the convex core of
Hy. From the commutative diagram above, the isometry ig: F' — Fpy, between
the surface F' = OMg and the surface Fy C Mr, C My, is induced by identifying
each with the quotient of H by A = GN Hy = GN H® . Hence by Lemma 6,
Mg U, My is isometric to the convex core of (G, H® ). Thus Mg U;, My is
also isometric to the convex core of (GC2,H ). The restriction of this isometry
to My is ip.

For the induction step, Lemma 6 and the fact that H N H P = A imply
that My U;, My is isometric to the convex core of { H, He” ), by an isometry
which restricts to 7 and ¢ o ip on the respective copies of Mp. But by the
induction hypothesis ir extends to an isometry of Mg U;, M1 U;, ... U;;, Mr,
with n copies of My, with the convex core of (GC%,HCQ(%I), ..,H). Thus
there is an isometry from Mg U;, M7 U;, ...U;, My, with n+ 1 copies of Mp, to
the convex core of (GC% , chhl)7 .o H, He ) which restricts appropriately
on all copies of Mg and My. By conjugating this group by c?, we verify the
claim.

The theorem now follows from the claim by applying Lemma 6, using the
same philosophy, to I',,, noting that Mg is (orientation—preserving) isometric
to the convex core of G by the composition of ig with the isometry induced by
reflection through H. O

Corollary. For any n, the trace field of M, is Q(i,/2).

Proof. Our description of I',, makes it clear that the trace field of M, is con-
tained in the field generated by the traces of the group ( G, H, ¢). Since (G, H, c)
is a subgroup of PSLy(Q(i,v/2)) the trace field of M,, is a subfield of Q(i, v/2).
On the other hand,
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Tr(s)=1+4 and  Tr(h) = —iv2.

Since I',, contains conjugates of both s and h we have that the trace field of M,
is exactly Q(i, v/2).
O

We use the complex modulus to show that the manifolds M,, are pairwise
not commensurable.

Definition. Let C' be a rank two cusp of a hyperbolic manifold M and take
a, 3 € w1 (M) to be peripheral elements corresponding to C' which generate a
group of rank two. Then « and 8 can be simultaneously conjugated in PSLy(C)

so that
1 1 1 =z
a = <0 1> and 6 = (O 1>.

The complex modulus for C is the equivalence class m(C) = [z] € C/PGL2(Q),
where PGL2(Q) acts on C by Mébius transformations.

Lemma 8. Both cusps of M, have modulus [z(l + 2n\/§)} .
Proof. Define

v = g 'h(hg)™*

Y2 = id
v3 = fh7'fg
v = g 'fg

and )
& = (%)
Then 0; € H and pjj = p‘;z for each j. Let

2(n—1) 2(n—1)

(srs)c" 6¢

c2(n—1) (Srs_l)czn .

A= (srs) 1650 (65 ... (55Y)
Ay = (srs D) Loyt (670 .. (67Y)

.01

Then A\;, A2 € '), and A1 and Ay commute with p; and po, respectively.
Set 7 = (9%). Then p] = (}1) and, by a straightforward induction argu-

ment,
, (1 2i(1+2n\/§))
A=, ) .

Therefore, (p1, A1) is a rank two subgroup for the knotted cusp C!, of M,, and
m(C) = [i(1+2nVv2)].
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For the other cusp C/ of M, we set w = (i‘/g/5 71_(1/5). Then p§ = (3 1)

o = (é 21 +12n\/§))'

and

Therefore m(C})) = [i(1+ 2nv2)].
O

The complex modulus of the cusp of a finite volume hyperbolic manifold is an
invariant of the commensurability class of the Euclidean structure inherited by
the cusp torus. Since commensurable hyperbolic manifolds have commensurable
cusps, the collection of moduli of the cusps of a finite volume hyperbolic manifold
is a commensurability invariant. This was first used by Thurston ([25], chapter
6) to show that certain hyperbolic links are not commensurable. In Thurston’s
examples, representatives for the cusp moduli of the incommensurable manifolds
generate distinct number fields. With our examples, representatives for the the
complex modulus of the cusps all generate the trace field Q(, \/5) so, in order to
prove the lemma below, we must use finer properties of of the PSLy(Q)—action
on the trace field.

Lemma. M,, and M, are not commensurable whenever m # n.

Proof. Suppose M,,, and M, are commensurable; then we have

ai(1 4 2mv2) +b

i1+ 2nv2) = ci(l+ 2mv2) +d’

where ad — bc # 0. By clearing denominators, we may take a,b,c,d € Z. The
left-hand side above is imaginary, so setting the real part of the right-hand side
above equal to zero yields

bd — ac(1 4+ 8m?) — ac(4mv/2) = 0.

Since {1,1/2} is a basis of Q(i,/2) as a vector space over Q, we must have
ac = 0 and therefore bd = 0 as well. Since ad — bc # 0, either b = ¢ = 0 or
a=d = 0. In the first case we obtain i(1 + 2nv/2) = %i(1 + 2m+/2). This can
only happen if a = d and m = n. In the second case, we have

b , b

i(1+2nV?2) = ST 2mva) e o)

(1-2mv?2).

This cannot occur, since the coefficients of 1 and /2 have the same sign on the
left-hand side of the equation but opposite signs on the right.
O

We have shown that each of the 2-component link complements M, repre-
sents a distinct commensurability class and has trace field Q(4, v/2). To complete
the proof of Theorem 1, it remains to produce links with k+1 components, where
k> 2.
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For each n, the two components of L, have linking number 0 and one of
the two components is unknotted. Hence, the preimage LS“) of L, under the
k-fold branched cover of S® branched over the unknotted component of L, is
a (k + 1)-component link in S3. Tts complement M,(lk) is a cyclic k-fold cover
of M,,. Therefore, for fixed k, the commensurability classes of the M,(lk) are
exactly the commensurability classes of the M,,. These examples complete the
proof of Theorem 1.

5 Nonintegral traces

Definition. Let I' < SLy(Q), where Q is the algebraic closure of Q in C. T" has
integral traces if for all v € T', the trace of v is an algebraic integer. Otherwise,
I" has nonintegral traces.

It is easy to see that, for n € N, I'), has integral traces; indeed, the matrix
entries of the elements of I',, are all algebraic integers. The incommensurabil-
ity of the M, thus stands in stark contrast to the situation for finite—volume
manifolds of the form M = H?/T', where I' < PSL, (Q(v/—d)) for some positive
square-free integer d. All such manifolds with the property that I" has integral
traces are commensurable with H?/PSLy(O4), where Oy is the ring of integers
of Q(v/—d) (cf. [15], Theorem 8.3.2). We give examples in Theorem 5 below.

In this section, we consider the family of links L/, produced by mutating L,
along the 4-punctured sphere separating S and 7. The group I'/, which uni-
formizes the complement M), of L/, contains an element with a nonintegral trace.
Since integrality of traces is a commensurability invariant (see eg. [15], Exercise
5.2, No. 1), this implies that M,, and M/ are incommensurable. Mutation along
4-punctured spheres is a much studied phenomenon, and hyperbolic manifolds
related thereby can be difficult to distinguish. Among other things, they have
the same volume [24] and invariant trace field [19], and their A-polynomials
have a common factor [8]. In light of this, it may be surprising that in this
case mutation produces a nonintegral trace. However, there are other examples
of this phenomenon in the literature, for instance the example of Figure 6.1 in
[14]. On the other hand, at the end of this section we give an example where
mutation preserves the property of having integral traces.

It is well known that any hyperbolic 3-manifold homotopy equivalent to a
4-punctured sphere has a Klein 4-group of mutation isometries, each of whose
nontrivial elements acts on the set of punctures as an even permutation of order
two (see eg. Theorem 2.2 of [24]). In what follows, we consider the totally
geodesic boundary of Mg and the mutation which exchanges the endpoints of
one string of S with the ends of the other.

Recall that the fundamental group A of OMg is generated by parabolic el-
ements pi, pa, and ps as defined in Section 2, and the final conjugacy class of
parabolic elements of A is represented by ps = pi1paps ! Considering the words
in GG representing the p;’s, we find that p; and p3 are conjugate in G, as are ps
and py. Hence p; and p3 correspond to two ends of the same string of .S and ps
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and py correspond to the two ends of the other string.
The fixed points of p1, p2, and p3 are respectively 0, co, and 5/3. Consider

the element
( 0 \/5)
m=\{_1

V5
which exchanges 0 and co. It is easily verified that m normalizes A and acts on
the generating parabolics as follows:

—1
P =p2 Py =p Py =pit .

Thus the isometry induced by m on the totally geodesic boundary of Mg
exchanges the ends of one string of S with the ends of the other. It follows from
Lemma 6 that the manifold formed by gluing Mg to My, by this isometry is
isometric to C'((G™, Hp)). This manifold is homeomorphic to the complement
in B? of the tangle pictured in Figure 8. The group (G™, Hy) contains the
element

msm-—lg — —14+V2+11i 402 1—7V2 = 16i — 2iV2
12-v2-21i - 2iv2) L(-2+ 122+ 31i+ 4iV2)

whose trace has minimal polynomial
252" — 602° — 1062” + 8362 + 13673.

Therefore Tr(msm~'g) is not an algebraic integer.
S/ﬂ
\)\/

!

0

Figure 8: The tangle formed by attaching S and Ty with the mutant isometry

/ﬁ

Let L!, be the link obtained by performing this mutation along the totally
geodesic 4-punctured sphere separating S and 7" in M,,. Following the discussion
of the description of the groups I';;, we conclude that the complement M}, of L',
is uniformized by

2(n—1)

r;:<(Gm)02”,HC HG>

Because traces are invariant under conjugation, I}, has a nonintegral trace
for each n € N. We summarize this in the theorem below.
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Theorem 4. For each n, S* — L, is homeomorphic to H3/T'!, and T, has a
nonintegral trace.

Now consider the link we call Ly, formed by doubling the tangle S with-
out inserting any copies of T. The complement of Ly is uniformized by the
group I'y = (G,G). The complement of the link L{ resulting from the same
mutation as above is uniformized by I'j, = (G™, G'), which has generating set
{r,msm~1,5}. The trace field of this group is generated over Q by the traces

of the following elements (see [15], p. 125):

T, msm_l, S, Tmsm_l, TS, msm_lg, and rmsm !5
Of these words, the only ones which could possibly have nonintegral traces are
the last two, but a computation reveals

Tr(msm™'5) = —10 and Tr(rmsm~'5) = —18 + 6i.
Thus, I'g has integral traces.

Theorem 5. The link Ly and its mutant L}, each have hyperbolic complement
commensurable with H? /PSLy(O1), where Oy is the ring of integers of the num-

ber field Q(7).

Proof. The description above shows that (G,G) and (G™,G), which uni-
formize Ly and Ly, respectively, have traces in Oy. Thus Ly and Lj, each satisfy
the criterion mentioned at the beginning of this section, and are commensurable
with H3/PSL2 (01 )

O

6 One cusped examples

In this section, we use our techniques for constructing incommensurable mani-
folds with the same trace field to give examples with only one cusp. As before,
we produce manifolds N and N’ as identification spaces of the ideal octahe-
dron and cuboctahedron, respectively. Again, these manifolds are constructed
to have isometric totally geodesic boundaries. This time we ensure that ON
has isometry group of full order, which allows copies of N and N’ to be glued
so that the resulting manifold has only one cusp. The cost, as we will see, is
that the Z/2Z homology of this manifold is much larger than that of a knot
complement.

We construct N by identifying faces of the octahedron using the isometries

i i 2 2
a:(l—i —1> and b:(z’ 1—i)'

With the octahedron positioned as in our earlier construction, a takes Xi to
X5 so that the ideal vertex % maps to co, and b takes X3 to X4 so that 1+
maps to oo.
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The identifications on the cuboctahedron are given by

Sl GLVR.)

O (1-2ivV2 2+iV2
vo- (1—_@\/5 17}2\/5)
T (z —42Zﬁ _\?75_—2?:? )

With the cuboctahedron as previously, x takes Y5 to Y7 so that 0 maps to —i@,

y takes Y4 to Y3 so that £(1 —2iv/2) maps to co, and z takes Y/ to Y; so that
%(1N—/ iv/2) maps to £(2 — 2iv/2). We refer to the resulting identification space
as N'.

Take G = (a,b) and H = (x,y,z). Then N and N’ are isometric to the
convex cores C(G) and C(H), respectively. The totally geodesic boundary of N
is isometric to a totally geodesic boundary component of N’; which is reflected
by the fact that G and H share a subgroup A stabilizing the hyperplane H over
R. A is generated by the parabolic elements

1 0
p1 = aba = YT = _3 1)
-1 -3
_ p2,-1 -1 _
po= Pat o= gt = (7 _1)
-2 3
—2p-1 _  —2,-1 _
D3 a""b = %y = _a 4).

We have p;(0) = 0, pa(00) = 0o, and p3(1) = 1. The element

pa = papep1 = a 2b’a = 2 zyzr €A

fixes 1/2 and represents the fourth cusp of the boundary. Note that p; and ps
are conjugate in GG, as are py and p4. Also, p; and ps are conjugate in H. Since
p1 and p3 are conjugate in both groups, the convex core of H?/(G, H) will have
a closed cusp. Thus in order to build manifolds with a single cusp, we identify
boundary components of N and N’ by a nontrivial isometry.

Remark. Notice that A is the kernel of the map PSLy(Z) — PSLy(Z/3Z) given
by entrywise reduction. Thus, PSLy(Z) acts on A by conjugation inducing
isometries of the 4-punctured sphere uniformized by A. This contrasts the be-
havior of the totally geodesic 4-punctured spheres in the links L,,, whose groups
are not normal in PSLy(Z) and have normalizers which include elements not in
PSLy(Z). Therefore every manifold obtained by gluing N to N’ by an isometry
of the boundary has integral traces.

The parabolic element m = (1) € PSLy(Z) conjugates A to itself with
action given by

-1
Py =3 Py =po Py = (py")Ps .
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This induces an isometry of H/A which acts fixing the cusp corresponding to
p2 and cyclically permuting the other three.

The other boundary component of N’ is a quotient of the geodesic hyperplane
over R — iv/2. The generators for the stabilizer in H of this hyperplane are

g =2y 'z go =yze~!, and g3 = 2%y~ . Then

Q1 (—Z\/i) = —iV2, ¢(c0) = oo, and g3 (1—2’\/5) = 1-iv2.

Each ¢; corresponds to p; in the following way: take

e (1 iv2
S\ 1)
Then for each 4, cgic™! = p;. (Set g4 = g3qaqn = 23y~ t271). In particular, we
note that the two totally geodesic boundary components of N’ are isometric.

Theorem 6. For each n € N, N,, = H3/T',, has one cusp, where T, is defined
by

r, = <(Gm)0",HC",...,HC,§>.

Proof. By a line of argument similar to the proof of Theorem 3, H?/T',, is isomet-
ric to the hyperbolic manifold obtained by stacking n copies of N’ end—to—end,
capping off on one end by N and on the other by N. The isometry of bound-
ary components by which N is glued to the first copy of N’ is induced by m
as above. The isometries by which copies of N’ are glued to each other take
the cusp corresponding to each ¢; to the cusp corresponding to p;, as does the
isometry taking the boundary of N to the “back” boundary of the final copy of
N'.

Pa| 4§ Py
D3| 45
7 pi "
q5 oo ps"
D2
p1 q(f pi”m
a He¢ ch ch Gc”m

Figure 9: A schematic for N,

In H, ¢1 is conjugate to p4, whereas ps and go are conjugate and so are ¢s
and g4. The schematic of Figure 9 incorporates this information as well as the
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conjugacy information from G to show how the annular cusps of N and N’ are
identified along their boundaries in N,,. From this it is evident that H3 /Ty, has
only one cusp.

O

As before, we can use the complex modulus to show that the manifolds IV,
are pairwise not commensurable.

Lemma 9. The complex modulus for the cusp of N, is [1 + 4i(n\/§+ 1)} .
Proof. Let

yzilcflaflcy*1

o =
= a 'm7tz tmab™?
v = bale(zy e ba.

If we set ;1 = aba and
Moo= (yH)eal af gy

then p and A, are elements of the group I'y,.
Let 7 = (_(\)/g\/go/?’). Then p™ = ({ 1) and

Al — <(1) %(HM(?&JFU))-

Therefore, the complex modulus for the manifold N,, is [1+ 4i(nv2+1)].
O

Lemma 10. N, and N,, are not commensurable whenever m # n.

Proof. Asin the two component link case, it is easy to check that if ¢ is a M6bius
transformation in PGL2(Q) with ¢ (1 + 4i(mv/2 + 1)) = 1+ 4i(nv2 + 1). then
m=n.

O

Thus, our construction gives infinitely many commensurability classes of
one-cusped hyperbolic manifolds, and it is easily seen that all of the IV,, have
trace field Q(i,v/2). For hyperbolic manifolds which are not link complements
(and we will see below that these are not), the trace field may fail to be a
commensurability invariant. For general hyperbolic manifolds M = H3/T", the
inwvariant trace field is a commensurability invariant. This is defined to be the
trace field of the finite-index subgroup

I®={+?|yel}.

See [15], §3.3 for a thorough discussion of these invariants. In the current
situation, the trace field and invariant trace field coincide.
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Lemma 11. For any n € N, N,, has invariant trace field Q(i, \/5)

Proof. Inspection of the traces of a and b shows that the trace field of N is Q(z).
The invariant trace field is a subfield which is not properly contained in R, since
(a,b) is not a Fuchsian group (cf. [15], Theorem 3.3.7). Thus the invariant
trace field of N is also Q(¢). Similarly, one finds that the invariant trace field
of N’ is Q(iv/2). The proof is completed using induction and a theorem of
Neumann-Reid [19], which asserts that the invariant trace field of a Kleinian
group obtained as a free product with amalgamation A ¢ B is the compositum
of the invariant trace fields of A and B. O

This completes the proof of Theorem 2 stated in the introduction. Given that
the motivating question concerns knot complements, we would like to determine
whether or not the N,, are knot complements in S3. The following proposition
shows that they are, in fact, quite far from this.

Proposition.
Hy(N,;Z/2Z) = (Z/2Z)" .

Proof. For i € {1,...,n}, define ; :,xci, Yy = yci, and z; = 2. Let ap =
a"m by, =b"™, ag = a, and by = b. Our description of T',, shows that it has a
generating set

<U{xi,yi, zl}> U {an, bp,a,b}.

i=1
Repeated applications of the Klein-Maskit combination theorem give a pre-
sentation for I',, with “middle relations”

-1 _—1

TiYiTi = Tit1Y;41%41

—1 —1

Yizily = Yi+12i41T; 4
-2 -1 _ 2 —1
T Y = Ziy1Yin

for 1 <14 < n. We also get “cap relations”

—2 1 -1 _-1
Gnbnay, =, 7Y, apboao = 1Yy, %,
2 1 —1 2 —1 —1
bra, " = YnznT, byag = y1212]
—2;-1 _ —1,-1,—1 —2;-1 _ 2 -1
(29 bn = YnTnlYpn Zn Yn Qg bO =21l -

Abelianize these relations and reduce modulo 2 to get a presentation for the
Z/27 homology of N,,. The middle relations become

Yi = Tir1Yi+12i+1 TiYizi = Ti+1Yi+12i+1 Yi = Yi+1

which reduce to x; = z;, ;11 = 2i41, and y; = y;4+1. The cap relations become

bn = Yn by = x1y121
Ap = TnlYnin apg = T1Yiz1
bn = TnYnin bO = Y1
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These reduce to a, = b, = yn, Tn = zn and ag = bg = y1, v1 = z1. A basis for
the (Z/27Z)-vector space Hy(N,;Z/27) is therefore given by {x1,...,2n, a0}
|

7 Further questions

The motivating question remains unanswered. Namely, do there exist infinitely
many knot complements with trace field of bounded degree? There does not
seem to be an a priori reason that our methods cannot be applied to construct
knot complements. However, at this point we do not have a starting place for
our construction. We have the following question (cf. the last sentence of [1]).

Question. Does there exist a hyperbolic knot complement in S® containing an
embedded separating totally geodesic surface?

Related questions have been addressed in the literature. Menasco-Reid con-
jectured that no hyperbolic knot complement contains a closed embedded to-
tally geodesic surface [17], and proved this conjecture for alternating knots. It
is known to be true for various other classes of knots, but false for links. In-
deed, Leininger constructed a hyperbolic n component link containing a closed
embedded totally geodesic surface for each n > 2 [13]. Recently, Adams et. al.
have constructed several infinite families of hyperbolic knot complements with
totally geodesic Seifert surfaces [3], [2].

In another direction, there are many open questions about trace fields of
hyperbolic 3-manifolds. It is not known in general which number fields occur as
trace fields; indeed, no number field & ¢ R is known not to arise this way. This
seems an interesting problem. Our work suggests the following further question.

Question. If a number field k is the invariant trace field of a hyperbolic mani-
fold, do there exist infinitely many commensurability classes of hyperbolic man-
ifolds with invariant trace field k?

A number field with one complex place admits infinitely many commensura-
bility classes of compact arithmetic manifolds, distinguished by their invariant
quaternion algebras. (See [15] for an overview of arithmetic 3-manifolds and a
definition of the invariant quaternion algebra.) Note that the field Q(i,/2) can
be described as the compositum of two fields k; and ko where each k; has one
complex place and k1 NR = ky NR. Alan Reid has shown us that each field
with this property admits infinitely many commensurability classes of compact
3-manifolds as well. These may be constructed by gluing pieces of arithmetic
manifolds along a totally geodesic surface so that their commensurability classes
are distinguished by their invariant quaternion algebras. Many fields arising as
invariant trace fields of closed manifolds, for instance in the Snap census (cf.
[9]), do not satisfy the criterion above, and for these fields we do not know the
answer to this question.

Finite volume noncompact hyperbolic 3-manifolds with the same trace field
cannot be distinguished by their invariant quaternion algebras (cf. [15], The-
orem 3.3.8). However, Ian Agol has pointed out to us that his methods of
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constructing hyperbolic manifolds with short systoles [4] may be applied in di-
mension three to produce infinitely many commensurability classes of noncom-
pact hyperbolic manifolds with invariant trace field Q(v/—d), for any square-free
positive integer d. We know of no other noncompact examples but those of this

paper.

Appendix: Proof of Lemma 3

Following Morgan [18], we define a pared manifold to be a pair (M, P), where M
is a compact, orientable, irreducible 3-manifold with nonempty boundary which
is not a 3-ball, and P C 9M is the union of a collection of disjoint incompressible
annuli and tori satisfying the following properties:

e Every noncyclic abelian subgroup of m M is conjugate into the fundamen-
tal group of a component of P.

e Every map ¢: (S x I, 8! x 9I) — (M, P) which induces an injection on
fundamental groups is homotopic as a map of pairs to a map ¥ such that
Y(St x I) C P.

This definition is intended to capture the topology of the compact manifold
obtained by truncating the cusps of the convex core of a geometrically finite
hyperbolic 3-manifold by open horoball neighborhoods. Indeed, Corollary 6.10
of [18] asserts that if (M, P) is obtained in this way, where P consists of the
collection of boundaries of the truncating horoball neighborhoods, then (M, P)
is a pared manifold.

Lemma 3 from the body of this paper asserts that if (M, P) has the pared
homotopy type of a geometrically finite hyperbolic manifold H?/T" where T' is
not Fuchsian and 9C(T") is totally geodesic, then M — P is homeomorphic to
C(T"). The key point of the proof is that the geometric conditions on I' ensure
that (M, P) is an acylindrical pared manifold. Then Johannson’s Theorem
[10], that pared homotopy equivalences between acylindrical pared manifolds
are homotopic to pared homeomorphisms, applies. We expand on this below.

It is worth noting that Lemma 3 fails in more general circumstances. Canary-
McCullough give examples of this phenomenon in [7], where for instance they
describe homotopy equivalent non-Fuchsian geometrically finite manifolds with
incompressible convex core boundary which are not homeomorphic (Example
1.4.5). Their memoir [7] is devoted to understanding the ways in which ho-
motopy equivalences of hyperbolic 3-manifolds can fail to be homeomorphic to
homeomorphisms, and Lemma 3 follows quickly from results therein.

The treatment of Canary-McCullough itself uses the theory of character-
istic submanifolds of manifolds with boundary pattern developed in [10]. The
characteristic submanifold of a manifold with boundary pattern is a maximal
collection of disjoint codimension—zero submanifolds, each of which is an interval
bundle or Seifert—fibered space embedded reasonably with respect to the bound-
ary pattern. Rather than attempting to establish all of the notation necessary
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to define this formally, we refer the interested reader to [10] and [7]. Here we
simply transcribe the relevant theorem of [7], which places strong restrictions
on the topology of the characteristic submanifold of a pared manifold whose
boundary pattern is determined by the pared locus.

For the purposes of Lemma 3 we exclude from consideration certain pared
manifolds which never arise from convex cores of geometrically finite hyperbolic
3-manifolds. We say (M, P) is elementary if it is homeomorphic to one of (1T x
I, T?x{0}), (A2x 1, A% x{0}), or (A% x I,0), where T? and A? denote the torus
and annulus, respectively; otherwise (M, P) is nonelementary. Define dgM :=
M — P. We say an annulus properly embedded in M — P is essential in (M, P) if
it is incompressible and boundary—incompressible in M — P. For a codimension—
0 submanifold V' embedded in M, we denote by Fr(V') the frontier of V (that is,
its topological boundary in M), and note that Fr(V) = oV — (V. NIM). With
notation thus established, the following theorem combines the definition of the
characteristic submanifold with Theorem 5.3.4 of [7].

Theorem. Let (M, P) be a nonelementary pared manifold with OoM incom-
pressible. Select the fibering of the characteristic submanifold so that no com-
ponent is an I-bundle over an annulus or Mdbius band.

1. Suppose V is a component of the characteristic submanifold which is an
I-bundle over a surface B. Then each component of the associated OI—
bundle is contained in dyM , each component of the associated I-bundle
over OB s either a component of P or a properly embedded essential an-
nulus, and B has negative Euler characteristic.

2. Suppose V is a Seifert fibered component of the characteristic submanifold.
Then V is homeomorphic either to T? x I or to a solid torus. If V is
homeomorphic to T? x I, then one of its boundary components lies in P,
the other components of V. NOM are annuli in OgM , and all components
of Fr (V') are properly embedded essential annuli. If V is a solid torus, then
V- NOM has at least one component, each an annulus either containing
a component of P or contained in OgM. The components of Fr(V) are
properly embedded essential annuli.

The characteristic submanifold contains reqular neighborhoods of all compo-
nents of P.

The key claim in the proof of Lemma 3 is a further restriction on the charac-
teristic submanifold of (M, P), in the case that M is obtained from the convex
core of a non-Fuchsian geometrically finite manifold with totally geodesic con-
vex core boundary by removing horoball neighborhoods of the cusps. P is the
union of the boundaries of these neighborhoods.

Claim. (M, P) as above is nonelementary, and dyM is incompressible. The
characteristic submanifold of (M, P) consists only of (Seifert fibered) regular
neighborhoods of the components of P, each of whose boundary has a unique
component of intersection with 9M.
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We prove the claim below, but assuming it for now, the proof of Lemma 3
proceeds as follows. A representation as given in the statement of the lemma
induces a pared homotopy equivalence between (M, P) and the pared manifold
(N, Q) obtained by truncating C(I") with open horoball neighborhoods. Since
C(T) has totally geodesic convex core boundary, (N, Q) is as described by the
claim; hence (M, P) is as well (see Theorem 2.11.1 of [7], for example). Johans-
son’s Classification Theorem (cf. [7], Theorem 2.9.10) implies that the original
pared homotopy equivalence is homotopic to one which maps the complement of
the characteristic submanifold of (M, P) homeomorphically to the complement
of the characteristic submanifold of (NN, @). It follows from the claim that these
are homeomorphic to M — P and N — @, respectively, and the lemma follows.

Proof of claim. As was mentioned above, the elementary pared manifolds do not
arise from geometrically finite hyperbolic manifolds. Since (M, P) is obtained
from the convex core of a geometrically finite manifold with totally geodesic
convex core boundary, the following are known not to occur:

1. A compressing disk for dyM.

(By definition 9y M lifts to a geodesic hyperplane in H?, hence the induced
map w1 0My — m M is injective.)

2. An accidental parabolic; that is, an incompressible annulus properly em-
bedded in M with one boundary component in P and one in 9y M, which
is not parallel to P.

(Every essential curve on 9y M that is not boundary-parallel is homotopic
to a geodesic, but an element of 7 (M) corresponding to an accidental
parabolic has translation length 0.)

3. A cylinder; that is, a properly embedded essential annulus in M — P.

(The double DM of M across 9y M is a hyperbolic manifold and the double
of a cylinder in M is an essential torus in DM.)

We show that if the characteristic manifold has any components other than
those listed in the claim then at least one of the above facts cannot hold.

For a component V of the characteristic submanifold which is an /-bundle
over a surface B, at least one component of the associated I-bundle over 0B
must be properly embedded, since otherwise we would have M = V and it is well
known that an I-bundle over a surface does not admit a hyperbolic structure
with totally geodesic convex core boundary unless the convex core is a Fuchsian
surface. But this annulus violates fact 2 or 3. Thus there are no I-bundle
components of the characteristic submanifold.

If V is a Seifert fibered component of the characteristic submanifold home-
omorphic to T2 x I, then one component of 9V is a torus P; C P, and all other
components of 0V NOM are annulli in dyM. If this second class is nonempty,
then each component of Fr(V') is an essential annulus properly embedded in

M — P. This is not possible by fact 3, so 9V N IdM consists only of P; and
V' is a regular neighborhood of P;.
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If V is a solid torus and V N M contains a component of P, then a similar
argument shows that this is the unique component of OV N IM, so in this case
V' is a regular neighborhood of an annular component of P. If on the other
hand V N OM does not contain any components of P, then it has at least
two components, for otherwise a meridional disk of V' determines a boundary
compression of the annulus Fr(V') in M — P. But then any component of Fr(V)
violates fact 3.

O
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