Vector bundles for affine Lie algebras and the
moduli space of curves

Angela Gibney

1 Introduction

In these notes, I discuss a class of vector bundles on the moduli space of curves that are
defined using representation theory. As I'll motivate and explain, my hope is that these
bundles can help us answer some very basic open questions about Mg,n. I'll also tell you
about a problem that we were able to answer about the fibers of the bundles using the
moduli space of curves.

In Section 4, I discuss three related open problems.

2 The moduli space of curves

For the purpose of the talk, we consider the moduli space of curves as a projective vari-
ety, whose (closed) points correspond to (isomorphism classes) of stable n-pointed curves
x = (C;p1,...,pn) of genus g. In particular, C has at worst simple nodal singularities, the
marked points p; are smooth points of C, and there are a finite number of automorphisms
of x. It can be profitable to consider the stack Mg,n, and we briefly discuss this functorial
point of view, and how one is led to pointed curves, even if mainly interested in smooth
curves of genus g, in Section 5.

There are good reasons that the moduli space of curves is a widely studied object in
algebraic geometry and related fields.

For instance

e it tells one about smooth curves and how they degenerate;



e it has emerged as somewhat of a prototype for what one may want to achieve when
constructing a moduli space, guiding study of moduli spaces of higher dimensional
varieties and of other objects such as sheaves of various sorts;

e because S, acts on Mg,n by permuting the marked points, it has a combinatorial
structure, which has the feel of a homogeneous variety.

This last feature, the combinatorial structure of Mg,n, often allows one to reduce problems
for moduli of higher genus curves to M. But still very basic open questions remain. I'll
illustrate this with the example about cones of nef divisors.

Definition 2.1. A divisor D on a projective variety X is nef if D - C = 0 for all curves C on X.

Examples of nef divisors include f*Oy(1) for any morphism f : X — Y, where Y is a
projective variety.

Definition 2.2. Nef(X) = { nef divisors on X}.

The set Nef(X) is a cone, an invariant of X that tells us about morphisms from X to
other projective varieties.

The first and most basic open question one can ask about Nef(X) is whether or not it is
polyhedral. If yes, then the idea would be that one could identify all the maps admitted
by the variety. If no, then maybe that would be too hard to do.

Nef cones of complete toric varieties are polyhedral. So one might expect this for
varieties that are similar to toric varieties.

It is known that Nef(M,,) is polyhedral for n < 7 [KM13], and Nef(ﬁg) is polyhedral
for ¢ < 24 [Gib09]. There is a conjecture that would imply polyhedrality of the nef cone
Mg,n. If the conjecture holds for ¢ = 0 and all n then it holds for Mg,n.

I give the details of this conjecture in my notes.

We set:

5 (My,) = {(C,7) € My, : C has at least k nodes }

In honor of Faber and Fulton, the numerical equivalence classes of the irreducible

components of 6*~**"(M, ) are called F-Curves. One can ask the following question:

Conjecture 2.3. [GKMO02] A divisor on Mg,n is nef, if and only if it nonnegatively intersects all
the F-Curuves.

In [GKMO2], we showed that in fact a positive solution to this question for S,-invariant
nef divisors on MO,g+n would give a positive answer for divisors on Mg,n. In particular, the
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birational geometry of MO,g controls aspects of the birational geometry of Mg. We know
now that the answer to this question is true on Mo,n for n < 7 [KM13], and on Mg for
g < 24 [Gib09].

For the purpose of this talk, this example tells us that it is worthwhile studying nef
divisors on My, even if we are interested in the general story. Vector bundles of covacua
for affine Lie algebras give rise to elements of the cone of nef divisors: each bundle on My,,
is globally generated, and so has base point free first Chern class (ie. is of the form f*A
for some morphism f : My, — Y where Y is a projective variety, and A is an ample line
bundle on it). Fakhruddin proved that the set of first Chern classes for positive rank level
one bundles for sl gives a basis for the Picard group of My,,, and so even in the simplest
case, we get a full dimensional sub-cone of the nef cone.

3 Vector bundles for affine Lie algebras

As I'will outline below, given a simple Lie algebra g, a positive integer ¢, and an n-tuple
A= (A1, ..., Ay) of dominant integral weights for g at level {', one can construct a vector
space associated to a stable n-pointed curve (C; p, ..., p,) of genus g. These vector spaces
fit together to form a a vector bundle V(g, X, ) on the moduli space Mg,n.

For references for these bundles defined using affine Lie algebras, see [TUY89, ?Ueno,
Bea96] and [Fakl12]. A broader picture exists for conformal vertex operator algebras, as
described in the book of Frenkel and Ben-Zvi [BzF01]. In case those CVOAs are regular
chiral algebras, in [NT05], Nagatomo and Tsuchiya proved they satisty “Factorization”
and “Propagation of Vacua”, two important properties satisfied by the vector bundles I'm
talking about today.

3.1 Description of the fibers
3.1.1 Finite dimensional situation:

First we suppose that C is a smooth curve of genus g with at least one marked point.
We'll take care of the other cases at the end.
Recall that to A; there corresponds a unique finite dimensional g-module V,,. Set

'We say for A; € Py(g).



Vi =V ®:--V,, and define an action

gx Vi = Vi (§01®0,) = ) 01® 0,1 ® (g 0) ®Vis1 ® - V.
i=1

We write [V;], for the space of coinvariants of Vy: The largest quotient of Vy on which
g acts trivially. That is, the quotient of V; by the subspace spanned by the vectors X -v
where X e gand v € V.

Let V and W be two a-modules. The space of coinvariants [V® W], is equal to the
quotient of V® W by the subspace spanned by the elements of the form

Xo®@w+v®Xw,

where X e g,veV,and w e W.

3.1.2 Infinite dimensional analogues:

Given a smooth n-pointed curve (C, ), to construct the fiber V(g, At )¢y we will use
two new Lie algebras:
First, for each i€ {1,...} we will use

§i=a®C((&))® C-¢,

where by C((&;)), we mean the field of Laurant power series over C in the variable &;, and
c is in the center of §;. To define the bracket, we note that elements in §; are tuples (a;, ac),
witha; = )] j Xij ®fij, with fi; € C((&;)). We define the bracket on simple tensors:

[(X®f,ac), Y® g, pc)] = (X, Y]® f&,c(X,Y) - Resg,—o(8(&:)df (Ei)))-

Checking §; is a Lie algebra done in Section 6, where we also outline the construction
of the infinite dimensional analogue H), of V.: It turns out that H, is a unique §;-module,
although infinite dimensional.

Now for the second Lie algebra:

Let U = C\{p1,...,pn}. Because C is smooth, and has at least one marked point, U is
affine By g(U) we mean the Lie algebra g ® Oc(U).

Choose a local coordinate &; at each point p;, and denote by f,, the Laurant expansion
of any element f € Oc(U). Then for each i, we get a ring homomorphism

Oc(U) = C((&)), f = four



and hence for each i, we obtain a map (this is not a Lie algebra embedding)
a(U) — 8 X®f — (X®fy,0)-

Set Hy = H), ® - - - H), and define the following, which we will show is an action:
(1) o) xHy - Hy (§u1®---wy) HZw1®"-wi—1®(g-wi)®wl'+1®~-~wn.
i=1

Claim 3.1. Equation 1 defines an action of g(U) on Hy.

Proof. Given X® f,and Y ® g € g(U), and a simple tensor v = v; ® - - - ® v, € Hy, we want
to check that

(XefYogl-v=(Xaf) (Yog) ) - (Yog) (X&f) 0).
The right hand side simplifies as follows:

2 X®f) - (Y®g) v)-(Y®g (X®f)- v)

= (X®f)- (Zvl®-“®vi_1®(Y®gp,.) 'Ui®vi+1®"'®vn>

i=1
-(Y®g)- (Zvl®~-®vi_1®(X®fp,-) 'Ui®vi+1®"'®vn>
i=1

(Y e 010Xeh) 18000 ®u 1B (g tOvL®  ©v)

1<i<n

1<j<n
(Y et e (YR 180 B BB (XB L) Bt @ ®v,)
1572
(Yoo 010 @ ®Xe k) (Y®8) 1) 018 8,
1<i<n
(Yoo vae @0 ey (XOf) v)@uae- @)
1<i<n

(Y oe a0 0018 ([XY]+(fe)) 0008 @)

1<isn

The left hand side simplifies as follows:

(3) Z 11Q - ®vi1 & ([X/ Y] ®fpigpi + (X, Y) Re55i=0 gpidﬁ?ic) "0 ® Uit K- ®Uy,

1<i<n

- Z N - ®VaQ <[X’Y]®fpigpi> Vi®UV1 Q- QUy

1<i<n

+ Z 11 - ®ui1 & <(X, Y) Res¢,—o gp,»dfpiC> U QU1 Q- ® Uy

1<ign



Now, by definition, c - v; = € - v; for all i, and so we can rewrite the second summand as
follows

(4) Z (%1 ® & Ui—1 ® ((X/ Y) Reséi:O gpidfpic) © Ui ® Oit1 X Oy

1<ign

= > (X, Y)Resg_0gydfy, (Ul®"'®Uifl®c'vi®0i+l®"'®vn>

1<isn
= > (X,Y)Res;,_08,dfp, (m@---@vu ®€-vi®vi+1®---®vn)

1<ign

= (f Z (X, Y) ReS(;.:o gp[dfpi) <’01 (I (%) ’Un> .
1<i<n
Since D ;< (X, Y) Rese,—o gpdfp, = 0, this contribution is zero. Therefore the left and right
hand sides of the expressions are the same, and we have checked that g(U) acts on H; as
claimed. O

We now set
V(s, A Ol = [Hylsw-

Now if C is a smooth curve with no marked points, one can use Propagation of Vacua
(see Section 7) which says that V(g, {0}, ¢) is isomorphic to the pullback of V(g,{), along
the map from Mg,l to Mg given by dropping the marked point. We then construct the
fibers on M, with the zero weight. If C is a stable curve then one normalizes it at the
nodes and uses “Factorization” to construct the fibers (see Section 7).

3.2 A geometric description of the fibers at smooth curves

This result can be said very generally, but for the purposes of the talk, and to avoid a
lot of notation I will state it for bundles in type A on M,:

Theorem 3.2. [BL.94,Fal94, KNR94] For [C] € M,

D V(sl, tm)i = D H (Mc(r), Ac(r)™),

meZ meZ

where Mc(r) is the moduli space of semi-stable vector bundles on C of rank r with trivializable
determinant, and A is an ample line bundle on it.

So in particular,
Proj (D V(sl,, tm)[jy) = Mc(7),

mezZ



and one says the bundle V(sl,, £) has a geometric interpretation at the point [C] € M,. In
fact, Laszlo and Sorger in [LS97], showed that such geometric interpretations for V(g, X, £)
exist at points represented by stable pointed curves (C;ps, ..., p,), as long as C is smooth.

Question 3.3. Do such geometric interpretations for V(g, 1, () exist at points represented by
stable pointed curves (C;p1, ..., pn), where C has singularities?

We showed in [BGK15] that the answer is no, not necessarily!

Theorem 3.4. [BGK15]Let C be the singular curve of genus 2 with a single separating node.
There is no polarized pair (X, A) such that

D V(sh,m)[[q = DH (X A"),

mezZ meZ

To show this we prove thatif V = V(sl,, 1) has geometric interpretation at all boundary
points on M,, then then

(5) c1(Vm]) =

(mz 3> (V) = (m+3)(m —2|—42)(m +1)m (V)

which we can show fails by intersecting with F-curves. There are two types of F-curves on
M,. The first is the image of a clutching map from M 4 for which points are identified in
pairs. The second is the image of a map from ﬂm given by attaching a point (E,p) € My 1,
gluing the curves at the marked points. One obtains a contradiction when we intersect
with either type of F-curve, even just at m = 2.

We do know that sometimes there are geometric interpretations. Here are two types
of results along those lines:

Theorem 3.5. [BGK15]Geometric interpretations hold at all points for all bundles on Mg,n of rank
one.

While it is difficult to find bundles of rank one on Mg,n for positive genus g, Theorem
3.5 implies that bundles V(sl,, A, 1) on My, have geometric interpretations at all points
X € Mo,n-

Theorem 3.6. [BG16]Given [C] € Mg, and a positive integer r, there exists a projective polarized
pair (Xc(r,€), Lc(r,€)), and a positive integer € such that

(6) P V(sl,, me)|fe = P H(Xc(r, ), L(r,0)%™).

mEZ;O WIEZZO

We can be more precise about € in some cases:



1. For general r if C has only nonseparating nodes, € > 1;
2. Forr = 2, ¢ divisible by 2;

3. For general r, and C with separating nodes, we know such an € exists.

4 Open problems

In my talk I mentioned three open problems about the moduli space of curves and
vector bundles of conformal blocks.

4.1 Global generation of vector bundles for regular VOAs

As I mentioned earlier, in [NT05] Nagatomo and Tsuchiya proved that the conformal
blocks that come from regular chiral vertex operator algebras in [NT05], they satisfy
“Factorization” and “Propagation of Vacua”.

One can ask whether these vector bundles are globally generated on My,,.

4.2 The nef cone of M, and vector bundles of conformal blocks

Naturally one wonders how much of the nef cone is covered by first Chern classes of
vector bundles of conformal blocks. If the whole cone is covered, then every nef divisor is
semi-ample. But then one could hope that there would be an infinite number of extremal
rays, contradicting the F-Conjecture.

If the cone is covered by conformal blocks and there are just finitely many extremal
rays, then there must necessarily be a lot of identities between first Chern classes, or
vanishing results.

As an example of a type of identity, we have

Proposition 4.1. [BGM16] Suppose rkV, 5, = 1and rk Vg g, 500 = tk V3, = 0. Then

C1 (Vg,ﬁ+17,€+m) = 0c1 (Vg,ﬂ,[’) +C (Vg,ﬁ,m)-

4.3 The problem of nonvanishing

To describe the problem of non-vanishing, it helps first to know the vanishing results.



4.3.1 Critical level vanishing and identities

The critical level, first defined by Fakhrudin [Fak12] for sl,, is defined only for g =
sl,+1, while a similar concept called the theta level is defined for general Lie algebras g
[BGM15,BGM16]. As I will explain, the Chern classes of bundles are trivial if £ is above
the critical level. In terms of first Chern classes, it seems that very many conformal
blocks divisors are extremal in the nef cone, and the number of curves they contract
increases as the level increases with respect to the pair (g, /_\)) Moreover, sets of nontrivial
classes where the Lie algebra and the weights are fixed but the level varies, have been
shown to have interesting properties. For example on M, where n = 2(g + 1) is even
{c1(V(sh, w},€)) : 1 < € < g =cl((slp, w])}, forms a basis of Pic(My,, )% [?ags].

Definition 4.2. If r + 1 divides Y., |Ai|, we refer to

i1 Al

r+1

7

cl(slqy, A) = =1+
as the critical level for the pair (sl 1, X) Ift = cl(sl,41, X), and zfX € Pe(sly1)", then V(sl,,q, X, {)
is called a critical level bundle, and c1(V (sl,1, X, £)) = D(sl,.q, X, {) is called a critical level divisor.

Note that if £ = cl(sl,41,4), then r = cl(sl;1, A7), where AT = (AT,...,AT). Here AT is
the weight associated to the transpose of the Young diagram associated to the weight A;.

In particular, [A;| = |AT|, and so
DAl = (r+1)(E+1) = (C+1)(r+1) = [A]].
i=1 i=1

In particular, critical level bundles come in pairs:
The following theorem was first proved by Fakhruddin for sl, in [Fak12]:

Theorem 4.3. [Fak12, BGM15] If £ = cl(sI,H,/Y), then
1. ck(V(ﬁer,/f,f +¢))=0,forc=1;and

2. c1(V(sly1, A, €)) = c1(V(sley1, AT, 7)).

4.3.2 Examples

1. The bundle V(sl,,, @, £) is at the critical level for n = (r + 1)(£ + 1). In [BGM15]
we showed that the first Chern classes are all nonzero, and by Theorem 4.3, for
n=r+1)(+1),

c1(V(slp1, @}, €)) = c1(V(slgs1, @], 7)); and
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c1(V(sly1, i, € +¢c)) = c1(V(slgg, 0], ¥ +¢)) =0 forallc > 1.

2. The bundle V(sly, {w1, (2w; + w3)?},3) is at the critical level, and its first Chern class
is self dual.

Remark 4.4. The main applications of vanishing above the critical level are extremality tests, and
criteria for showing that maps given by conformal blocks divisors factor through contraction maps
to Hassett spaces.

The bundle V(sly, {w, + w3, w1, w1 + 2wy, 2w1 + w3}, 3) is at the critical level, (and it is
below the theta level (which is 3.5)). The rank of V;, (4, (20, +5)%},3 ON MOA is one, while the
dimension of the vector space of coinvariants Ay, (4, (2w, +as)?} 1S 2. A calculation shows

that D514,{w1,(2w1+w3)3}/3 =0.

Examples like this have led us in [BGM16] to ask when divisors are nonzero.

Question 4.5. What are necessary and sufficient conditions for a triple (g, 1, {) that guarantee
that the associated conformal blocks divisor D ; , is nonzero?

5 More on the moduli space

We start with the case where n = 0, and by looking at the boundary of the moduli
space, see how stable pointed curves arise naturally.

51 M,

Definition 5.1. A stable curve is a complete connected curve with only nodes as singularities
and only finitely many automorphisms.

Remark 5.2. In order for a curve to have a finite number of automorphisms, any rational component
must meet any other component of the curve in at least three points.

Definition 5.3. For ¢ = dimH'(C,Oc) > 2, consider the contravariant functor:
M, : (Schy) — (Sets), T — M,(T),

where Mg("m is the set of flat proper morphisms 1t : ¥ — T such that every fiber F; is a stable
curve of genus § modulo isomorphism over T.

Theorem 5.4. [DM69]There exists a coarse moduli space Mg for the moduli functor Mg; Moreover,
Mg is a projective variety that contains M, as a dense open subset.
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Ao = A N =
9~ ‘g
Figure 1: Components of the boundary of Mg

5.2 The boundary of Mg

The boundary is a union of components:

e A, is the closure of the locus of curves with a single non-separating node, and

e fori > 0, A;is the closure of the locus of curves with a single separating node whose

normalization consists of a curve of genus i and a curve of genus g — i.

5.3 Mg,n

As one can see in the images pictured in Figure 1, moduli of pointed curves come up
naturally even if one is only interested in studying Mg: Each component of the boundary
is the image of a morphism from a variety (or product of varieties) that (coarsely) represent

a more general moduli functor

Mgfll —» Ao, and for1l <i < l%J, Mm X Mgfi,l —» Al‘.

Definition 5.5. A stable n-pointed curve is a complete connected curve C that has only nodes
as singularities, together with an ordered collection p1, pa, ..., pn € C of distinct smooth points of
C, such that the (n + 1)-tuple (C; p1, ..., pn) has only a finite number of automorphisms.

Definition 5.6. For g =0, letn > 3,and for g =1, let n > 1:
Mg, : (Schy) — (Sets), T Mg, (T),

where mg,n(T) is the set of proper families (1 : X — T;{o; : T — X}I_,) such that the fiber
(Xi, {oi(t)}r,), at every geometric point t € T is a stable n-pointed curve of genus g modulo
isomorphism over T.
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Theorem 5.7. [KM76, Knu83a, Knu83b] There exists a coarse moduli space Mg,n for the moduli
functor M, ,; it is a projective variety that contains My, as a dense open subset. Moreover, Mo,
is a smooth projective variety that is a fine moduli space for My .

When ¢ = 0, the moduli space My, represents the functor Mo, and moreover it is
a smooth projective rational variety. Kapranov showed how to construct My, as both a
Chow and Hilbert quotient using Veronese curves, and alternatively as a Chow quotient
using the Grassmannian G(2, 7). Keel gave an alternative blowup construction allowing
an explicit description for the Chow ring of My,. A third blowup construction was
given by Chen, Krashen and myself, which we generalized to a related moduli space T,
parametrizing n-pointed rooted trees of projective spaces of dimension d (T, = My ,11).

6 Just enough about the affine Lie algebra §

In Section 6.1 we will define the bracket that gives § the structure of a Lie algebra, and
in Section 6.2 we’'ll define the §-modules H, used in the definition of vector bundles of
conformal blocks.

6.1 The bracketon g

Letd = (3®C((&))) ® C - ¢, where C((&)) is the field of Laurant power series over C
in 1 variable, and c € g is in the center of §. To define the bracket for §, we set

[X®F(E), Y®g(E)] = [X Y] ® f(E)g(E) + (X, Y) - Res(g(£)df(£)) -,

where X, Y € g.
Typical elements in § are of the form >/ ; X; ®f;(&) @ Ac, and Z';:l Y;®gi(&) @ uc, so
using that [c, 0] = [o,c] = 0, for all o € §, since c is central in §:

7) [Z Xi®fi(&) @ Ac, Z Y;®gi(&) ® uc]

j=1
— [N X®F(E), 2 Y;08,(3)] = YIX@A(E), Y @g(E)]
i=1 j=1 ij

So the upshot is that we really only need to know that the given definition for
[X®f(&), Y®g(E)] makes sense and is well defined. That is, we need to check anti-
symmetry and the Jacobi identity.
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Claim 6.1. The proposed Lie bracket for § satisfies the Jacobi identity:
®) [[X®f(&), Y®g(&)], Z@h(e)]
= [X®f(S), [Y®8(&), Z@h(E)]] — [Y®g(E), [X®f(E), Z®N(&)]].

Proof. Usingabit of shorthand, we drop the variable & writing g f” instead of Res(g(&)df(&)),
we can express the left hand side of the equation as:

9) (X, Y]® fg® (X, Y)gf"))c,Z&h] = A +B,

where

A=[[XY],Z]® fgh, and B= ([X,Y],Z)h(fg)c.

The right hand side of the equation can be written as:

(10) [X®F[Y,ZI@gh+ (Y,Z)g'h-c] — [YRg,[X,Z] ® fh + (x, Z)hf'c]
= XY, Z]|® fghe (X,[Y,Z]) - ghf' - c
oY, [XZ|®gfh® (Y,[X,Z])- fhg - c = A'+B),

where
A =[X[Y,Z]]® fgh, and B = ((x, Y, Z))ghf — (Y, [X,Z])%)c.

One has that A = A’ by the Jacobi identity for the Lie bracket for g, and so it remains to
check that B = B'. Using the following three identities:

1. the product rule: (fg) = f'g + ¢
2. (X Y],Z) = (X,[Y,Z]) (Lemma 6.2); and
3. ([X,Y],Z2) = —(Y,[X Z]) (Lemma 6.3),

we write

(11) B = ([X,Y],Z)h(fg)c
= (X, Y], Z)hf'ge + (X, Y], Z)hfg'c
= (X,[Y,Z))hf'gc - (Y,[X,Z])hfg'c =B

O

The following identity is referred to as the Frobeneous property of the Killing form.
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Lemma 6.2. ([X,Y],Z) = (X,[Y,Z])

Proof. By definition of the Killing form, and using that Trace is invariant under cyclic
permutations (so Trace(abc) = Trace(cab)), we write:

(12) (X,[Y,Z]) = Trace (ad(X)a ( ) d(Z)) — Trace (ad(X) ad(Z) ad(Y))
= Trace (ad(X)ad(Y)ad(Z)) — Trace (ad Y) ( ) (Z))
Trace ((ad(X) ad(Y) —ad(Y) d(2)) = ([X,Y],Z).

Lemma 6.3. ([X,Y],Z) = —(Y,[X,Z])
Proof. For the left hand side of the equation, using the symmetry of the Killing form:

For the right hand side, using that the Lie bracket is antisymmetric, while the Killing form
is symmetric, we write:

~(Y,[%.2]) = (Y,1zX]) = (1ZX,Y).
Now these are the same by Lemma 6.2:

(1ZXY) = (Z[XY]).

Claim 6.4. [X®f (&), X®f(&)] =

Proof. Using that [X,X] = 0 since g is a Lie algebra, and it’s Lie bracket is of course
anti-symmetric, and moreover, since - 732 12 = f(&)f(&)dE. So

Res;— (%1 ?) = Rese—o (f(&)f'(£)dE) = 0.

We can then write

[X®f (&), X@f (£)] = (X, X]® f(&) - (&) & (x,x) Rese o (f(£)f'(£)dE) = 0.
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6.2 Gmodules M, and H,

There is a bijection between the intersection ‘W n Ay of the Weyl chamber W and
the weight lattice A and the set of irreducible representations for a given Lie algebra g.
Given A € W n Ay, there is a corresponding finite irreducible representation V), for g. In
particular, V) is a g-module.

We are going to use V), to construct a representation M, for §.

To construct M,, we use the following:

d. =g®Cl[[E]lE, and §- =g®C[leT]]ET,
which we regard as Lie subalgebras of §. One can show that
=0, 000C - cd§-.
We'll also use the “positive” Lie sub-algebra
pr =8, @9@C-q
along with the universal enveloping algebras U(§) and U(H. ).
Definition 6.5. M, := U(8) ® u,) V2.
Remark 6.6. Definition 6.5 makes sense: taking such a tensor product is legal:

1. If g1 is any subalgebra of a Lie algebra g5, then the inclusion gy — g, extends to a monomor-
phism U(a1) — U(a2). Furthermore U(gy) is a free U(a1) module. So in particular, as
Py — 8, we have that U(§) is a free U (D) module.

2. Vyisa di-module. To see that this is true, note that since V', is a g-representation, there is
a Lie algebra homomorphism
q— End(VA)

Since py = § DagPD C - ¢, we can let §. act by zero and C - c act by taking
C-c— End(V,), ac— [V) - V,, v— (al)v],
where here € is the level.

Claim 6.7. M, is a representation for §
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Proof. To show that there is a Lie algebra morphism
§d — End(M,),

we may show there is a map of associative algebras

U(§) — End(M,).
But by construction, U(§) acts on the left of M, and so this is true. O
Definition 6.8. We set H; = M, /1,.

Since U(§) is isomorphic, as a U(§_)-module to U(§_) ®c U(p+):

(13) §=9@C((£)®C c=g® (C[[E )5 ®c C[[E]]E) DT ¢

=~ g@C[[ET]ET @c s @C[[ENJEDC ¢ = §- ®c Py
So we can rewrite the module M, as:

M, = U(§) ®up,y Va = UG-) ®c U(P+) Qup,y Vi = U(8-) ®c Vi

In particular, elements in M, := U(8§) ® 4 (p,) Vi look like elements v € V, times all the
negative stuff in §.

With the notation above, M, contains a unique (see eg [TUY89, Bea96]) maximal proper
submodule I, generated by an element

Ja = (Xo ®5f1)€_(9’”+1 ®uvyeM,, and I, = U(§-)],,

where here 0 is the longest root, Xy € g is the corresponding coroot, and v, is the highest
weight vector associated to A. We set

H, =M, /1,.

We see that H, is a (g ® C((£)) @ Cc)-module. The subspace of H, annihilated by §. is
isomorphic as a g-module to V,. So we identify V, with this subspace of H, annihilated
by §..

7 Factorization, propagation of vacua, and Beauville’s quo-

tient construction

Theorem 7.4, originally proved by Tsuchiya, Ueno and Yamada [TUY89, Prop 2.2.6],
explains how a vector bundle of conformal blocks at a point on the moduli space where

16



the underlying curve has a node, factors into sums and products of bundles on the
normalization of the curve where the sum is taken over all possible weights at points
over which the normalization is “glued” to make the original curve. Applications of
Factorization include inductive formulas for the rank and Chern classes of the bundle.

These notes closely follow [TUY89, Prop 2.2.6], and [Bea96]. Examples from [BGM16]
are given.

7.1 Factorization

Definition 7.1. Given a weight u € P(g), let u* € Pe(g) be the element with the property that
—u* is the lowest weight of the weight space V..

Example 7.2. If u € P(sl), then pu* = p.

Example 7.3. For g = sl,.1 we express a weight A; as a sum A; = Z;zl cjwj, and A; has a
corresponding Young diagram that fits into an (r + 1) x € sized grid, where since A; is normalized,
the last row is empty. In terms of Young diagrams, the level is the number of “filled in” boxes across
the top, and |A;| means the total number of boxes “filled in” altogether. To find the Young diagram
corresponding to A* we fill in the boxes in the diagram directly below the boxes corresponding to A,
and then rotate by 180 degrees to get the Young diagram associated to the weight A*. For example,
ifr+1=4,and € > 5 for the weight A pictured in white on the left below, then the dual weight
A* is pictured in green on the right.

Figure 2

A =3w1 + wy + w3
for sly,
and level £(A) = 5.

A = w1 + wy + 3ws.

Theorem 7.4 (Factorization). Let (Co;p1,...,Pn) be a stable n-pointed curve of genus g where
Co has a node x.
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1. If x, is a non-separating node, v : C — C the normalization of Cy at xo, and v—'(x) =
{xl,xz}, then

Ve, A O cop = @ V(g Aupu '} O)ciommn):
uePe(a)

2. If x is a separating node, v : C; U Cy — Cy the normalization of Co at xo and v (xg) =
{x1,x2}, with x; € C;, then

(14) V(g A, Ol

>~ @ V(g AC) u{phO)lcipectomy @ V(8,AMC2) U {u}, Ol cotpiecsioteh)s
pePe(9)

where A(C;) = {Aj|p; € Ci}.

Definition 7.5. The weights u and u* € P.(g) that occur in Theorem 7.4 are called the restriction
data for V (g, e €) at the point (Co; p).

Example 7.6. [BGM16] We will factorize the bundle V(sl,11, {w1, w1, (€ — 1)w1 + @y, L}, €)
on Mo at the two types of points (C;py, ..., ps), where the curve C has one node: the first type
Xy = (C11 U Cizpa, - .., pa) where Cyy is labeled by p1 and p, and Cra by ps and ps; and the second
type of curve X, = (Ca1 U Can; p1, - - -, pa) where Cy is labeled by py and p; and Ca, by p5 and pa.

1. Ifr+1 =2 thisis V(slp, {w1, w1, w1, Ewr }, £), and we obtain:

V(Slz, {Cl)l, w1, Lawn, fc‘)r}/ f) ‘Xl
>~ @ V(sl, {w1, w1, maw1},£) |(C11,P1,Pz,x1) ® V(sly, {twy, tw,, ma},{)] (Crzp3,pa,%2)"

m=0
even

As we’ll see later, the only term in the sum above that gives bundles of nonzero rank occurs
when m = 0, and that both bundles have rank one.

V(SIZI {a)ll w1, 50)1, fa)r}/ 5) ‘Xz
@ V(SIZI {a)ll fCL)], mw] }I Z) | (C21,p1,p3,x1) @V(SIZ, {a)l, fa)ll mCL)] }I f) | (sz,pQ,p4,X2)‘

m=0

m+{=1(mod 2)

e

Aguain, we’ll see that the only term above that gives two bundles of nonzero rank occurs when
m = (€ — 1), and has rank one in this case.
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2. Ifr+1 =3 thisis V(sl, {w1, w1, (€ — 1)w1 + wy, twn},€), and we obtain, for

V(SI3, {Cl)l, w1, (f — 1)6()1 + Wy, 50)1}, f)‘xl
= @ V(513/ {(‘)1/ w1, [“l}/ f) |(C11,P1,P2,x1) ® V(9’131 {fa)lf fwf/ [J*}/ {)) | (Cr2,p3,pa,%2)

p=crwi+cywy
c14+2c,=1(mod 3)

We'll later see that the only summand on the right hand side with nonzero rank is the one
with 4 = w1 (soc; = 1, and c; = 0).

(15) V(SI3, {Cl)l, w1, (f — 1)6()1 + Wy, fa)l}, f)‘xz
~ ) V(sls, {1, bawn, p, O)| (o prpsin) @ V(8ls, {awn, Cawa, 1™}, )] (Coppapaea)-

p=cqwi+cywy
{+c1+2cp=1(mod 3)

We’ll later see that the only summand on the right hand side with nonzero rank is the one
withu = (€ —1)w;, (socy = 0,and c; = (€ —1)).

3. In general:

V(sl41, {1, w1, (€ — Dy + w,, €w,}, €)|x,
= @ V(Slr—i-l/ {a)ll w1, M}/ f) ‘ (Cll,pl,pz,x1)®v<511’+1/ {(f_l)wl +wy, fa)r/ (U*I f)
H:Z;:lciwj

Y1 ici+2=0(mod(r+1))

Moreover, one can show that the only summand on the right hand side with nonzero rank is
the one with u = w,_1.

V(SIrJrl/ {a)ll w1, (f - 1)6()1 + Wy, fa)r}/ 5)‘)(2
= @ V(5I7+1I {a)1l (f - 1)0)1 + Wy, ‘u}l 5) | (C21,p1,p3,x1) ®V(SIT+1/ {wll {)wrz ‘u*l g) | (sz,pz,p4,)€2)l
I

where we sum over the set

[={u= Eciwi € Pe(sli1) Zi ¢ +€+r=0(mod(r+1))}.

i=1 i=1

We will eventually show that the only summand on the right hand side with nonzero rank is
the one with p = (€ — 1)w, and u* = (€ — 1)w,. We'll see that:

rkV(sl,y 1, {w1, (€ — Vw1 + wy, (€ — D, }, €) =tk V(sl 41, {w1, lw,, (€ — 1Dwy, €) = 1.
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Remark 7.7. This example exhibits the potential for the use of factorization to compute ranks,
which is the idea behind the proof of the Verlinde formula. The comments made also indicate that
there is a lot of vanishing happening — which is a foreshadowing of one of the open problems in the
subject: that is to determine given g and € necessary and sufficient conditions which will guarantee
that the first Chern class of the bundle V (g, 1, {) is not zero. One indication is that it’s rank is
nonzero, which is actually enough for sb,, but this is not in general. For example, while the rank
of V(sly, {w1,2w1 + w3, 201 + w3, 201 + w3}, 3) is one, the first Chern class of this bundle is zero
[BGM16]. We'll discuss this problem.

7.2 Theorem 7.8
7.2.1 Notation

Let C be a possibly nodal curve, pi, p2, ..., ps € C be s smooth points of C, U =
C\{p1,...,ps} and let &; be a local parameter of C near p;. Then as before, for §(U) =
g ® Oc(U), we have an embedding

S

(U) — K (@k((&) @ke =8, (X&f) = (X@f(&1), -, X®f,,(£4),0).

i=1

Given weights A4, ..., A; € P¢(g), we have the (g ® k((&;)) @ kc)-modules H,,. The image
of §(U) actson Hy = Hy ® - -- @ Hy.:

§(U) xHy - H;, (X®f), (w1 ®-- ®@ws)) — Zwl Q- wii1 @ (X®fy,) Wi ® - - @ ws.
i=1
Now given any weight u € P,(g), recall that the subspace of H, annihilated by §, is
isomorphic as a g-module to V,, and so V, is identified with this subspace of H,. Given

t points g3, ..., q: € U, and weights, u1, tia, ..., 4t € Pe(g) one can define an action of §(U)
onV; =V, ®: - ®V, by evaluation:

B(U) x Vg = Vg, (X®f),(01®@ - @w)) = ), 0@ @01 ® (X®f(q)) 0@ @
j=1

Theorem 7.8. With notation as above, the inclusions Vu;- > HIJj induce an isomorphism
[Hy® Vilsan — [Hy @ Hglswg = Vi, A v L Ol cpon-

Propagation of Vacua is a corollary of this.
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7.3 Propagation of Vacua

Corollary 7.9. [Propagation of Vacua] Let q € C\p. There is a canonical isomorphism

V(g, A, f)‘(cﬁ) = V(g,/\ ) {0}, f)‘(c/ﬁu{q})

Proof. (of Corollary 7.9) Apply Theorem 7.8 with {q1,...,q:} = {q}, and {u1, ..., ut} = {u =
0}, using that Vy = 0.
O
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