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Abstract

A New Filtration of the Magnus Kernel

by

R. Taylor McNeill

For a oriented genus g surface with one boundary component, S, the Torelli group
is the group of orientation preserving homeomorphisms of S, that induce the identity
on homology. The Magnus representation of the Torelli group represents the action
on F/F" where F' = m(S,) and F" is the second term of the derived series. I show
that the kernel of the Magnus representation, Mag(S,), is highly non-trivial and has
a rich structure as a group. Specifically, I define an infinite filtration of Mag(S,) by
subgroups, called the higher order Magnus subgroups, M(S,). I develop methods
for generating nontrivial mapping classes in Mj(S,) for all £ and g > 2. I show that
for each k the quotient Mj(Sy)/My+1(S,) contains a subgroup isomorphic to a lower
central series quotient of free groups E(g — 1)x/FE(g — 1)k+1. Finally I show that
for g > 3 the quotient My (S,)/Mj41(S,) surjects onto an infinite rank torsion free
abelian group. To do this, I define a Johnson—type homomorphism on each higher

order Magnus subgroup quotient and show it has a highly non-trivial image.
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Chapter 1

Introduction

1.1 Background

A central goal to the field of topology is to classify manifolds up to homeomorphism.
For surfaces (2—manifolds), this classification has been achieved. For example, ori-
ented surfaces are completely classified by their genus and number of boundary com-
ponents. With this goal completed, we seek to understand the algebraic structure of
the homeomorphisms between these surfaces.

Understanding homeomorphisms of surfaces is crucial to classifying 3-manifolds.
Given a surface X, one can obtain a 3-manifold from a “mapping torus” construc-
tion, by which one uses a homeomorphism f : ¥ — ¥ to obtain a quotient space
Y x I/(z,0) ~ (f(z),1). Intuitively, in this construction the “ends” of ¥ x I are
glued together by the homeomorphism f. In the case where > has no boundary, the
result is a closed 3-manifold which fibers over the circle. If ¥ has boundary compo-

nents b; and f is a homeomorphism fixing the components pointwise, one can obtain



a closed 3-manifold M from the mapping torus by adding the additional identification

(y,t) ~ (y,t') for all y € 9%, and ¢, € [0,1]. In the latter case, the mapping torus

YxI
(z,0)~(f (2),1),(y,t)~(y,t")

is called an open book decomposition of M. Open book decompo-
sitions have been shown by Giroux and Thurston-Winkelnkemper to correspond with
contact structures on closed 3-manifolds up to positive stabilization [8] [19]. These ap-
plications make homeomorphisms of surfaces, more specifically mapping class groups,
an integral tool in active areas of 3-manifold topology. These homeomorphism groups
are also applied broadly in geometric group theory and algebraic geometry.

Let S be a closed orientable surface of genus g with 1 boundary component (we
will sometimes denote this surface by S, when it is necessary to be precise about the
genus of the surface). The mapping class group of S, denoted Mod(S) is the group
of classes of orientation preserving homeomorphisms of S which fix the boundary
pointwise. Two homeomorphisms represent the the same element (called a mapping
class) if they are isotopic maps where the isotopy also fixes the boundary pointwise.
A thorough introduction to mapping class groups can be found in [5].

Dehn twists provide some simple examples of mapping classes. A Dehn twist is
a self-homeomorphism of a surface achieved by cutting the surface along a simple
closed curve, twisting one of the new boundary components by one full rotation, and

re-gluing, as illustrated in Figure 1.1. The Lickorish twist theorem [12] states that

Figure 1.1: An illustration of a Dehn twist performed about the dotted curve.



the mapping class group is generated by Dehn twists.

While we will make extensive use of Dehn twists, the framework for our study is
more algebraic in nature. In particular we study the mapping class group through
an analysis of the fundamental group of the surface, denoted m;(S,*). As we re-
strict to maps which fix the boundary of S pointwise, by choosing a basepoint z
on the boundary of S, a homeomorphism f : S — S induces an automorphism
fe : m(S, %) — m (S, *). For the future, we will drop the * from this notation and
denote the fundamental group of S by 7;(S) with the basepoint assumed to lie on

the boundary. This correspondence induces a map

Mod(S) < Aut(m(5))

which is well defined on mapping classes and yields an injective homomorphism. This
homomorphism provides an algebraic lens for studying the mapping class group. It
is important to note that for surfaces with boundary, m1(S) is a free group, and
hence Aut(m(.5)) is quite large. Hence to effectively employ this homomorphism we
instead study mapping classes which approximate the identity automorphism. More
specifically, we study subgroups of the form ker (Mod(S) — Aut(m(S)/H) where H
is a characteristic subgroup of m(S). There is well known commutator series {G,,}
known as the lower central series defined for any group G wherein each term G,, is
a characteristic subgroup of GG. Specifically, the terms of the lower central series of
a group G are given inductively by G; = G, Gy = [Gx_1,G|. The mapping classes
which act trivially modulo terms of the lower central series of 7 (S) form the well-

studied (for example [4], [7], [13], [14]) Johnson subgroups of the mapping class group.



More precisely, the k' Johnson subgroup, Ji(S), is given by Ji(S) = ker(Mod(S) —
Aut(m(S)/m1(S)k). Since a homeomorphism which acts trivially modulo 7 (S) also
acts trivially modulo larger subgroups of 7 (S), and 7 (S), C m(S), for all n > k,
the Johnson subgroups are nested and hence form a filtration of the mapping class
group:

The second term of this filtration, J5(S) is the subgroup of the mapping class
group which acts trivially on the homology of S. This subgroup is more commonly
known as the Torelli group and frequently denoted Z. The Torelli group plays a crucial
role in the study of mapping class groups of surfaces as the quotient Mod(X%)/Z(%)
is a well understood symplectic group.

An important tool in the study of the Torelli group is the Magnus representation.
There are several Magnus representations for various groups defined via Fox calculus
derivatives [2]. Of particular interest to the study of mapping class groups is the
Magnus representation of the Torelli group, which can be defined as follows. Given a
basis, {z1,...,x,}, for m(5), the Magnus representation of the Torelli group is map

which sends a mapping class f € Mod(S) to a 2g x 2g matrix with entries in ZH;(S)

namely,
of (;
0 (50),
Tj i\j
where 239 g the Fox calculus derivative of f,(z;) with respect to x; and

Ox;

¢ : Z[m(S)] — Z[H1(S)] is the natural projection. However, the kernel of the Mag-

nus representation, Mag(S) also has a characterization in terms of induced automor-



phisms [3]. Specifically,
Mag(S) = ker (Mod(S) — Aut(m(S)/m1(S)")

where 1 (S)” = [[m1(S), m1(5)], [11(S), m1(S)]] is the second commutator subgroup of
m1(.5).

While the Magnus representation was first introduced in the 1980s, for many years
it was unknown whether the the Magnus representation was a faithful representation
of the Torelli group. This remained an open question until 2001 when Suzuki con-
structed an explicit mapping class contained in Mag(S,) for genus g > 2 [18]. In
2009 Church and Farb proved that in fact the Magnus kernel is quite large, exhibit-
ing infinitely many independent elements of the Magnus kernel [3]. In this paper we
demonstrate that Mag, is larger still, possessing a nontrivial filtration by subgroups,

called the higher-order Magnus subgroups,
Mag(Sy) = Ma(Sy) D M3(Sy) D My(Sg) D -

for which the successive quotients are themselves infinitely generated. The previous
examples of Church and Farb are all contained in M5(S,) \ M5(S,). Hence the higher-

order Magnus subgroups reveal new structure in the Magnus kernel.

1.2 Summary of results

The Johnson subgroups have provided a key tool for studying the Torelli group. While

there is a clear similarity between the algebraic characterizations of the Magnus kernel



and the Torelli group, attempts to define analogous tools for studying the Magnus
kernel have been limited.

For any characteristic subgroup H of m(S), we define an infinite family of sub-
groups, J{(S), called the higher-order Johnson subgroups. These subgroups form a
filtration of the subgroup ker(Mod(S) — Aut(m(S)/H)) of the mapping class group.
The higher-order Johnson subgroup filtration is a generalization of the Johnson sub-
group filtration of the Torelli group. In the special case where H = [m(S), m(95)],
we call these subgroups the higher-order Magnus subgroups, as they yield a filtra-
tion of the Magnus kernel. We show that these higher-order Johnson subgroups are
have much of the natural structure known for the Johnson subgroups. These proper-
ties include the result that the higher-order Johnson subgroups are equipped with a
homomorphism, analogous to the Johnson homomorphisms.

Theorem 3.1. For each characteristic subgroup H C F the higher-order Johnson

homomorphisms,
it JH(S) = Homgp/m(H/H', Hy,/ Hyi1),

are well defined, group homomorphisms for k > 2.

In the special case of the Magnus subgroups, M (S) we give an explicit way of
constructing examples in M (S) from known examples of mapping classes in Ji(D)
where D is a disk with n holes.

Lemma 5.1. Leti: D — S be an embedding such that each boundary component of
i(D) is either separating in S, or the boundary component of S. Let [f] € Mod(D)

and let f be a homeomorphism representing [f|. Let f' : S — S be the homeomorphism



defined by

/ f(z) €D
fx) =
x xeS\D

then if [f] € Ju(D), [f'] € Mx(S).

Using this construction, we describe an explicit subgroup of My (.S)/Mj+1(S) which
is isomorphic to a lower central series quotient of free groups. For E(n) the free group
on n generators, we show the following result.

Theorem 5.6. Let S, be an orientable surface with genus g > 3. Then the
map p : E(g — 1) — Mod(S,) induces a monomorphism on the quotients
p:E(g—1)/E(g — Vi1 = Mi(Sy)/My11(S,) for all k.

Finally, we construct an epimorphism onto an infinite rank torsion free abelian
subgroup of %, where F' = m1(S) is the fundamental group of S and F’ is its
commutator subgroup. Using Magnus homomorphism computations we prove:
Theorem 5.7. Let S be an orientable surface with genus g > 3. Then the successive

quotients of the Magnus filtration M]\ﬁ(l%) surject onto an infinite rank torsion free

!
Fy
!
Fyq

abelian subgroup of via the map

My (S) Té(ﬁ;,cz] F]

Mi41(5) FJQH

where cg and cy are generators in the carefully chosen basis for F' shown in Figure 5.8.
These results establish key tools for working with the Magnus subgroups and

unveil new structure in this poorly understood subgroup of the Torelli group.



1.3 Outline of thesis

We begin in Chapter 2 by providing an overview of the original Johnson subgroups
and homomorphisms. As the higher-order Johnson and Magnus subgroups and ho-
momorphisms are a generalization of these ideas, the Johnson subgroups provide a
crucial foundation for the paper.

While many of the results presented in this chapter are well known for surfaces with
at most one boundary component, we also provide a detailed discussion of generalized
Johnson homomorphisms on surfaces with multiple boundary components. Johnson
subgroups of surfaces with multiple boundary components have been employed before,
but a precise and detailed treatment of these cases have not yet appeared in the
literature. We also present some new results showing some properties of traditional
Johnson subgroups to apply to surfaces with multiple boundary components.

In Chapter 3 we define generalizations of the Johnson subgroups and homomor-
phisms called the higher-order Johnson subgroups and homomorphisms. A specific
case of these generalized Johnson subgroups are the Magnus subgroups. These Mag-
nus subgroups provide a filtration of the Magnus kernel and are the central focus of
our study.

Chapter 4 contains some group theoretic results that are useful in proving our
main theorem. These results primarily focus on the lower central series quotients of
an infinitely generated free group, F, and its commutator subgroup, £’. We provide
several generalizations of the basis theorem for lower central series quotients of free

groups which applies to groups which are infinitely generated. We also explore the



Z[F/F'] module structure of F}/F]_, where F' = m(S) for use in computing Magnus
homomorphisms.

In Chapter 5 we prove our main results. We develop a correspondence between
Magnus subgroups on surfaces with one boundary component and Johnson subgroups
on disks. We use this correspondence to explore the structure and size of the successive
quotients of the higher-order Magnus subgroups M /M. We demonstrate that
there is a specific subgroup of Mj(S,)/My1(S,) that is isomorphic to the finitely
generated free abelian group E(g —1)x/FE(g — 1)k4+1 where E(g — 1) is the free group
on g — 1 generators and S, is an oriented surface of genus g. We also show that
successive quotients of the higher-order Magnus subgroups M} /M., are infinitely

generated by displaying a surjection to a infinite rank torsion free abelian group.



Chapter 2

Johnson Subgroups and

Homomorphisms

2.1 Johnson subgroups and Johnson homomorphisms

for surfaces with one boundary component

Let S be an oriented surface with one boundary component. Let F denote the
fundamental group of S with a basepoint chosen on the boundary of the surface
(note that the fundamental group is a free group). A self-homeomorphism f of §
induces an automorphism f, : F' — F. This function from homeomorphisms of S to
automorphisms of F'is well defined on isotopy classes of homeomorphisms and yields

the following monomorphism:
Mod(S) — Aut(m(9)).

Given a group G, the lower central series of G, {G,} is given inductively by

10
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G1 = G, G = [Gg_1, G|, where [G}._1, G] is the subgroup of G generated by elements
of the form aba™ 07!, a € G, b€ Gy_;.
The mapping classes which act trivially modulo terms of the lower central series

of F' form the well-studied Johnson subgroups of the mapping class group.

Definition 2.1. The k' Johnson subgroup is the subgroup of the mapping class

group given by Ji(S) = ker(Mod(S) — Aut(F/Fy)).

Note that for n > k, as F,, C Fj, the map from Mod(S) to Aut(F/F,) factors

through Aut(F/Fy):

Mod(S) Aut(F/F,)

~

Aut(F/F,)
Hence ker(Mod(S) — Aut(F/F,)) C ker(Mod(S) — Aut(F/F})) and thus J,(S) C

Je(S). We achieve a filtration of the Torelli group:
Mod(S) = Ji(S) D J2(S) D -+ D Jk(S) - -

It is an easy task to define filtrations of the Torelli group, however the filtration by
Johnson subgroups has been integral in their study. The Johnson subgroup filtration
earns its important place in the study of mapping class groups for the many avail-
able tools that can be employed for their study. One class of tools frequently used
in exploring the Johnson subgroups is the Johnson homomorphisms. While these
homomorphisms can be defined in a variety of ways, for the course of this paper we

find the following definition of the Johnson subgroups to be the most convenient.
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Definition 2.2. Let [z] € H,(S) and let = be an element of the fundamental group
in the homology class [z]. For f € Ji(S) f(z) = = mod m(S5), or equivalently

f(x)x=t € m(S)k. The k™ Johnson homomorphism

Tt Ji(S) = Hom(Hy(S), m1(S)e/m1(S)krr)

is given by 7i(f) = ([x] = [f(2)2™"]).

While this definition provides for easy calculations, it does not provide much
clarity for why such a homomorphism is well defined. For a more thorough treatment,

see [10].

Remark 2.1. Tt is important to note that ker 7, = Ji41(S). That ker 7, O Ji41(S) can
be readily seen as for f € Ji11(S), f(x)z™' € 71 (S)ks1, and hence f(z)xz~! is trivial
in 71 (S)k/m(S)ks1 for all [z]. To see that ker 7, C Jr41(S), note that if f € ker 7,
then f(z)z™! € Fjyy for all classes [r]. Thus f(x) = x mod Fj,; and therefore
f € ker(Mod(S) — Aut(F/Fy). Thus f € Jr1(5).

This fact provides an enlightening result when performing Johnson homomorphism
computations. If f is an element of Ji(S) such that 7.(f) # 0, then f ¢ Ji1(5).

Thus computing 74(f) # 0 pins the precise location of f in the Johnson filtration to

Ik (8)/ Tk (5).
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2.2 Johnson subgroups and homomorphisms for

surfaces with multiple boundary components

Through the course of this paper we will employ Johnson homomorphisms on sur-
faces with multiple boundary components. There are many variations for Johnson
subgroups with multiple boundary components. In addition, there are many cases
in which surfaces with multiple boundary components are overlooked in the study
of mapping class groups. Resources detailing definitions and results concerning sur-
faces with multiple boundary components are sparse difficult to find. Treatment of
Johnson subgroups and Johnson homomorphisms for surfaces with multiple boundary
components can be found in [4], [15], [16]. We will take this opportunity to address an
analog of the Johnson machinery in detail for surfaces with multiple boundary compo-
nents, through a perspective compatible with our following definitions of higher-order
Johnson subgroups.

Let ¥ be an orientable surface with m + 1 boundary components. Choose an
ordering of the boundary components by, . . ., b,,. Let p; be a point on the i boundary
component (we choose py to be the basepoint for m(¥)). Choose arcs A; which

originate from py and terminate at p; for each 0 <7 < m.

Definition 2.3. Let f € Mod(X). Then f is in the k' Johnson subgroup of ¥, Ji(%)

if f satisfies the following two properties:

1. Fory € m(%), fo(y)y " € m(2-

2. For all A;, [f(Al)E] € m(X)k
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where A; is the reverse of the path A;.

Note that when m = 0 we obtain from this definition the standard Johnson
subgroups for a surface with a single boundary component. Note also that the com-
bination of properties (1) and (2) show that the Johnson subgroups on surfaces with
multiple boundary components are independent of the ordering of the boundary com-
ponents, the choices of points p; and the choices of arcs A;.

Given this definition of Johnson subgroups on surfaces with multiple boundary
components, we would like to be able to easily generate examples of elements in the
Johnson subgroups for these surfaces. Below is a generalization of a result of Morita

[13], which allows us to generate examples in the Johnson subgroups via commutators.

Lemma 2.2. Let 3 be an oriented surface with at least one boundary component. Let

fr € Je(X) and fi € Ji(X). Then the commutator |fg, fi] is contained in Jy1—1(%).

Proof. Tt suffices to prove the statement for k& < [. To show that [f, f;] is contained

in Jg-1(2), we must show the following two conditions are satisfied:

(i) For each arc A; connecting the basepoint to the " boundary component,

[fis FI(ADA; € By
(ii) For all z € m (%), [fr, fil(x)z™! € Frypy.

A result of Morita ([13] Corollary 3.3) shows condition (ii) to be satisfied in the case
where Y is a closed surface with a marked point. In addition, Morita [13] shows when
¥ is a closed surface with a marked point, y € F}, fi(y)y~' € Fry_1. While these

results are not stated for surfaces with multiple boundary components, the proofs
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employ only the property that for v € m(X) and f € J,(X), fi(7)7 ! € m (D), As
this property also holds for surfaces ¥ with multiple boundary components, identical
arguments show analogous results for the case of multiple boundary components. We
will employ these results for surfaces > with multiple boundary components with no
further proof.

It suffices to show that [fi, fi](4;)A; € Fiy;_1. For this we follow the structure of
the aforementioned corollary. As f, € Ji(X), fr(A)A; € Fy. Let o = fi(A)A; € Fy,
and note that fi(A;) is homotopic rel endpoints to the path z;A;. Applying f, Lto
this expression we find A; ~ f, '(xx) fi ' (A) or f, ' (Tn)Ai = f. ' (4;). Similarly we
know f; € Ji(), fi(A))A; € F,. Defining z; = fi(A;)A; € F, we have fi(4;) ~ z4;

and (7)) A; =~ f;'(A;). Using this we can perform the following computation:

e FI(A) = fufif N (AY)

12

Sl U ) A

12

Sl T @) T (A)

12

Fefi(F 7 @D (D A)

12

Felffi 7 @D st fi(A)

12

Sl T D fuf (A

12

s Fl () fufifi () fo(a) fe(As)

12

s B ) fefufi (@) fe(@) 2 A

This gives us the following expression for the homotopy class of the loop [fx, fi](A;)A;
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in m (X):

[[fes Sl (AD)A:] = [fres Fisd (@) o fre fio () fron (0) 2

= [fows S (@ D) frofis i (g Dawwiay ) fro () a2 2]

As k < I, J;I(¥) C Jp(X) and so [f, fi] € Jk(X). As shown in [13], lemma 3.2
(i), for y € Fy, fre(y)y™" € Fryro1. Thus [fr, fie] (v, )2, € Fpyy_1. Looking at this
expression mod Fy,;_; we have that [fx, fi](z; ")z, = 1. By [13] Lemma 3.2 (ii) the
class of fkflfl;l(x,zl)xk is equal to that of fl(x,zl)xk and is thus also in Fj;_1 by
[13] 3.2 (). Similarly, fr(z)z;" € Fry1. As [z 2" € [F, Fi] C Fryr C© Fria
this term also reduces to 1 modulo Fj; ;. Since the entire expression is trivial mod

Fk+l—l it follows that ka, fl](Az)E] S Fk—i—l—l' ]

It is natural to seek an analog for the Johnson homomorphisms which apply to
surfaces with multiple boundary components. Let A be an open arc on by originating
at po. Let ¥ = (X x I)\(int(A x I)). Note that ¥ is a doubled version of the surface
¥ with an added boundary component, as illustrated in Figure 2.1. Let i : ¥ — &
be the natural embedding which sends X to X x {0}. We give ¥ an orientation that
agrees with the orientation on . We will define the Johnson homomorphisms on X
via the Johnson homomorphisms on X.

In order to do this, we first develop some algebraic tools to relate the homology
and lower central series quotients of the fundamental groups of ¥ and 3. These build

on a result of Stallings ([17], Theorem 7.3), reproduced below. We first define an
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S x 0 =i(%) OT ... JO\ O\O

________________

..........

---------------

Figure 2.1: An illustration of the doubled surface X.

adaptation of the lower central series: the rational lower central series. We employ

this commutator series to gain insight on the lower central series of free groups.

Definition 2.4. Let GG be a group. The rational lower central series of GG, with terms
G, is defined inductively by setting G7 = G and where G, is the subgroup of G
generated by set S = {[z,u||r € G, u € G} and elements w for which some power

of w is a product of elements in S.

More intuitively, G}, is the smallest subgroup of G, such that G, is central
in G and G/G7, ., is torsion free. Note that for a free group £, the standard lower
central series quotients F/F, are torsion free. Thus for a free group F, the lower

central series of E coincides with its rational lower central series.

Theorem 2.3 (Stallings). If f : A — B a homomorphism of abelian groups inducing

an isomorphism f, : Hi(A,Q) — H1(B,Q), and a surjective mapping Hy(A, Q) —
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Hy(B,Q). Then for all finite n, f induces isomorphisms

(4, 1/4,) ©Q= (B, ,/B,)©Q

and for all k, H,(AJA?) = Hy(B/B!); f induces embeddings AJ/AT C B/B! and an

embedding AJAl, C B/B] at the first infinite ordinal w.

We prove the following proposition employing Stalling’s result.

Proposition 2.4. Let A and B be groups with Hy(A;Q) = Hy(B;Q) = 0. Let
h: A — B be a group homomorphism inducing an injection Hi(A; Q) — Hy(B;Q),

then for all n, h induces an injection AJ/AT — B/B!.

Proof. Consider the injection h, : Hi(A; Q) — Hy(B,Q). As H1(B,Q) is a Q vector
space, it decomposes as Hy(B; Q) = Hi(A;Q) @ V where V is a Q vector space.
Let C be a free group of the same rank as V' with generating set {c¢;} and note that
H(C;Q) = V. Let {e;} be a basis for V' and choose elements b; € B such that
b; — e; through the isomorphism H;(B;Q) = H;(A; Q) & V. There is a unique group
homomorphism ¢ : C' — B such that ¢; — b;. Consider the map hxg: AxC —
B. By construction, this is a group homomorphism which induces an isomorphism
(h*g)s: H(AxC;Q) — Hi(B;Q). As Hy(AxC) = Hy(B) = 0, clearly the induced

map Hy(A x C;Q) — H(B;Q) is surjective. Hence by Stallings result, for all n,

(h*g)«
AxC/(AxC) = B/B". As
(hxg)«
AJA] — AJAT «C/CT = AxC/(AxC), = B/B],

the map A/A! — B/B! induced by h is injective. O
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Remark 2.5. Note that for a free group F, since E is torsion free, the rational lower
central series agrees with the standard lower central series, i.e. E; = F,. Hence
for free groups A and B satisfying the conditions of Proposition 2.4 we achieve an
injection A/A,, — B/B,, on the standard lower central series quotients. We will make

extensive use of this fact throughout the paper.

For ease of notation, let us rename C' = 7,(%,pg) and C = 71(X,i(po))-

Lemma 2.6. The embedding i : ¥ — ¥ induces a group monomorphism

Ty — =
Cit1 Cirna

Proof. This is a direct application of Proposition 2.4. Note that as ¥ and ¥ are
surfaces with boundary, they each deformation retract to a wedge of circles. Thus
(X)) = (%) = 1 for n > 1. Thus ¥ is a K(C,1) and X is a K(C,1). Hence
Hy(C,Q) = Hy(,Q) = 0 and Hy(C,Q) = Hy(X,Q) = 0. The embedding i induces
a homomorphism C' — C and a monomorphism i, : H,(C;Q) — H;(C;Q). Thus
C and C satisfy the conditions of Proposition 2.4 and hence we achieve an injective

homomorphism 4, : ij - = 6C_k m
E+1

We now work to relate the homology of ¥ and ¥. Let © = X\ int (i(X)) and let
j : © = 3 be the natural inclusion map. The inclusion j yields the following long

exact sequence of a pair:
S HY(0) D () S Hy(S,0) —Hy (0) —Hy (5).

Note in particular that this exact sequence provides us with an isomorphism
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By excision, the inclusion i : ¥ — 3 induces an isomorphism on homology:
iyt Hi(Z,0%) > Hy (3, 0).
Hence there is an isomorphism

T Hy(X,0%8) = m

Let [f] € Jg(X) and let f be a representative homeomorphism of [f]. Let
f:¥ = ¥ be given by
f(z) ifxeX
x ifx ¢
Let i : Mod(X) — Mod(X) be the map given by ¢'([f]) = [f]. Note that this map is
well defined since isotopic maps on ¥ extend to isotopic maps on X. It is naturally a
homomorphism.

Let 1 be the map

H (%) C) ) ( Ch )
:Hom | - = — Hom | H{(2,0%), =——
o tom (i@ 7 W E

which is the dual of the isomorphism 7~ 1i,.

Lemma 2.7. Given a mapping class [f] € Mod(X), 7. (i'([f])) € Hom (%, gg—_’zl)

Furthermore, for [a] € H1(3,0%),

mrid’ ([f]) o] € (Cf:) |

Equivalently, we have the following sequence of maps

H(X) Cq
J«(H1(0))" Cria

5!

Je(2) 5 J(2) B Hom (

) ™ Hom (Hl(z,az), _6’“ )

k+1

L Hom (Hl(EﬁE), CC’“ > .
k+1
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Proof. To prove the first statement in the lemma we examine an element j.[3] €
H{(X). The element [3] € Hi(©) has a representative element 3 € 7,(©). As the

following diagram commutes
™ (0) == m (%)

H,(0) —2~ H,(%)
we have that 7,[3] € H,(X) has a representative loop 3 which lies entirely in ©. Thus
by definition of i’, for any [f] € Ju(X), 7 (¢ ([f])) [8] = f(B)3~' = BB~ = 1. Hence
n(0(111)) € Hom (4835 2).

To prove that n,md’ ([f]) [o] € E<i> let us consider the following basis for

Cry1

H,(Y), shown in Figure 2.2.

a2 A2g

VNN

Figure 2.2: A basis for the relative homology H; (X%, 0%).

Through the map 7', these basis elements map to loops in H(X) as shown in
Figure 2.3.
Note that the loops a; include to the same homology elements of H;(X). Let the

arcs A; be parametrized by t € [0,1]. Then under this map the arcs A; are sent to
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a2 Q24
JOX —
ai QA2g—1 Al E ﬁ’_:/
LBV “' =1 [~ ;" - Ygmmmmna- I----------E """"""""""" E
PO I R L Y i il LETYOR
Raas T AN L A T RN [ ST T [RETN
NCRE e

Figure 2.3: The elements of H,(X) corresponding to the basis of H;(%, %) chosen in

Figure 2.2.

loops ¢; given by:

(A;(4t),0) 0<t<1/4
(pi, 4t — 1) 1/4<t<1/2

(Ai(3—4t),1) 1/2<t<3/4

(po, 4 — 4t) 3/4<t<1

as illustrated in Figure 2.3. First, note that for any homology class [a] € H;(X) which
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has a representative loop « € i,m (%) and for any [f] € Jx(X) we have

nli/(1f)lo] = [Fla)a™]
= [i-f(@)a™
= Tlf(@)a”)

. . . —( C
Hence the image by 75 (i'([f]) of a; yields an element of i, ( o 1).
Let B; be the segment of ¢; parametrized by 1/4 < ¢ < 1 so that ¢; = A; U B;.
Note that by definition i'(f) acts by the identity on B; and acts by f on A;. By
construction the loops ¢; are based at py. Thus they also represent elements of 7, (%).

We will abuse notation by referring to the parametrized loop, the homotopy class,

and the homology class of ¢; as ¢;. Then we may compute 7 (¢'([f])¢; as follows.

This shows that for each i, 7,,(V'([f])c; € ﬁ( G ) As 7.({([f])]e] € ﬁ( Cr )

Cr41 Cr41

for all elements [o] of a basis for H;(X,0%), then for all [a] € Hy(3,0%) we have

i ([f)lo] € 7 ().
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This shows we have the following composition of homomorphisms:

J(2) S Ju(E) S Hom (j*Z:h((%)) , g;) " Hom (Hl(E, o%), 7, (%)) .

By applying E_l on the range of Hom (HI(Z, o), 1. (%)) we get the following

composition:

Ji(Z) 5 (D) 7 Hom ( il (;»7661:—1) ™ Hom (Hl(EﬁE), _ak;)

" Hom (Hl(Z,E)E), Cck )
k+1

as desired. O

Definition 2.5. We define the generalized Johnson homomorphisms for surfaces with
multiple boundary components 74 : Ji(X) — Hom (Hy (X, 0%), m(X)g/m1(X)k+1) to

be the composition g_lnkai/ given in Lemma 2.7.

Thus to compute the Johnson homomorphism for surfaces with multiple boundary
components, we must consider how the mapping class acts on all representatives of
a basis for Hom (H,(X,0%)). In particular, this includes the action on arcs joining
boundary components of . It suffices to consider the action of mapping classes on
arcs A; (as described in Definition 2.3). As shown in the proof of Lemma 2.7, for
these arcs we obtain the Johnson homomorphism 74([f]) = ([A:] — [f(A;)4;]). Note

that Definition 2.3 verifies that f(A;)A; is in fact an element of 71 (X)), as desired.



Chapter 3

Higher-Order Johnson Subgroups

and Homomorphisms

3.1 Higher-Order Johnson Subgroups and Homo-

morphisms

The Johnson subgroups and homomorphisms are heavily built upon the lower central
series. In this section we generalize the concepts of Johnson subgroups and homomor-
phisms to more general characteristic subgroups. These tools are useful in analyzing
subgroups of the mapping class group which induce trivial automorphisms on F/H
for any characteristic subgroup H.

Recall that S is an oriented surface with one boundary component and let x be
a basepoint for m(S) which lies on the boundary. We are then able to define the

higher-order Johnson subgroups as follows.

25
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Definition 3.1. Let F' = m(S,*) and let H be a characteristic subgroup of F.
Let ¢ : Mod(S) — Aut(F/H) be the map which takes a homeomorphism class in
Mod(S) to the induced automorphism of F'//H. We define the higher-order Johnson
subgroup with characteristic subgroup H, J7(S), by J#(S) = ker ¢*. Equivalently,
JH(S) is the subgroup of the mapping class group which acts trivially on F'/H.

For any characteristic subgroup H of F', Hy is also a characteristic subgroup of
F. The higher-order Johnson subgroup with characteristic subgroup Hj is denoted
JH(S). As any homeomorphism acting trivially on F/H,, also acts trivially on F/H,,
for n < k, JE(S) c JH(S) for n < k. Hence the subgroups J/(S) form a filtration

of JH(S): the higher-order Johnson filtration with characteristic subgroup H.

JH(S) = JE(S) > JF(S) D JE(S) D - D JH(S) D -,

Note that the traditional Johnson filtration is recovered by choosing H = F.

There is a natural structure on Hy/Hy,1 as a left Z[F/H] module. Here the
module action by elements [g] € F/H is given by [g] - [z] = [gzg™!]. Tt is clear that
this action is well defined since given ¢ € H and x € Hj, the conjugate grg tx !
belongs to Hy.1. Hence for g € H, [grg™'| = [z] as elements of Hy/Hy.1. The action
by elements of Z[F/H] is given by the obvious extension. It is important to note
that in general F//H is a nonabelian group, and hence Hy/Hj is a module over a
noncommutative ring.

Having constructed subgroups analogous to the Johnson subgroups, it is natural

to develop a corresponding analog to the Johnson homomorphisms.
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Definition 3.2. The higher-order Johnson homomorphisms,
T (f) : JE(S) = Homgpm(H/H' — Hy/Hyi),

are given by 7(f) = ([z] = [f.(z)z71]) where f, : F — F is the automorphism

induced by f.

Theorem 3.1. The higher-order Johnson homomorphisms,
it JH(S) — Homgpm(H/H', Hy/ Hy 1),
are well defined, group homomorphisms for k > 2.

Proof. We will start by showing that for each f € JI(S) the map 77 (f) is a well
defined Z[F/H]-module homomorphism. We first show that for [a,b] = aba='b71,

where a,b € H, 77(f) ([a,b]) = 0 in Hy/Hy, 1. By definition,

7' (f) ([a,0]) = f. ([a,0]) [a, 0] "
= [fua), f(b)][a, ]

= [ad, be][a, b] for some d, e € Hy.

Using the commutator identities [uz,y] = “[x,y][u,y] and [z,vy| = [z, v] Y[z, y],

where "g = hgh™!, we can simplify this further.

Tlf](f) ([CL, b]) = a[dv be] [a7 be] [(l, b]_l

= d,b] “[d, €][a,b] Y[a, €][a, b]
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As d,e € Hy, [d,b],[d,e],|a,e] € Hgy1. Therefore, this expression is trivial in the
quotient Hy/Hy.

We will next show that 7{(f) is multiplicative. By definition, for a,b € H,

7ii' (f)(ab) = f.(ab)(ab)™!

= f.(a)a  f.(b)b7! as in Hy/Hg.1, conjugation by
an element in H is trivial.

=7 (/@) (f)(b).

Any w € [H,H] can be written as a product of commutators
w = ¢ ---¢,. This completes the proof that 77(f) is well defined, as
H _ . H H _ - H( £\ s
o (f)(w) = 7 (f)(er) -7 (f)(en) = 0. This also shows that 7" (f) is a group
homomorphism.
To show that 77(f) is a module homomorphism for a given f we must show for

lg] € F/H and [z] € H/H', [g9] - T (f)([=]) = 77 (f)([g] - [z]). As the module action

is by conjugation, we may compute as follows.
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T;f(f)([g} x]) = T;f(f) ([gxg_l])
= [fi(gzg™ ) (gzg™") 7]
= (1) (). (g g7

= [f.(9)a " afu@)g ™ g Ngx ™)

This expression reduces to:

(g - [2]) = [(f(9)g gf(x)g  (flg)g™) gz g7

The element gf.(z)g~! € H as H is a characteristic subgroup. As f € JH, f.
acts trivially mod Hy, and thus f.(g)g™' € Hy. Since 7 (f) ([z] - [f]) € Hi/Hpr+1,
the conjugation of an element of H by an element of Hj is a trivial conjugation. This

observation yields the following expression.

7 ()] - [9]) = [9fu(x)g ™ g2~ g7"]
= [gfu(z)z7g7"]
=97 ()
This concludes the proof that 77 (f) is an Z[F/H]-module homomorphism. It
remains to show that 77 = JI(S) — Homgp m(H/H', Hy/Hy41) is a group homo-
morphism.

Let f1, f2 € JA(S) and let z € H/H'. We consider the image of their product by

the map 7/ in the computation below.
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= L (@) (£ @) fi (@)™
=7 (f) () 7 (f*)(2)

As f2 € JH(S), f2(x) = x as an element of H/H' for k > 2. Hence

(M (fA(x) = 7F(fY)(x). Combining this with the above computation
gives us the desired result: TA(f1fH)(x) = (Y () TE(f*)(x).  Thus
o JH(S) — Homgpm(H/H', H,/Hy11) is a group homomorphism. ]

Proposition 3.2. J | C ker7’. Thus

H
7_H . Jk
k+1

— HOWLZ[F/H](H/H,, Hk/Hk+1>
1s a well defined map.

Proof. By definition, JI% | = ker (Mod(S) — Aut(F/Hys1)). Thus for [f] € J2,, [z] €
F/H, we have for any representative homeomorphism f € [f], f.(z) = mod Hy;.
Rewriting this expression we see f.(z)x™' € Hyy1. Thus [f.(z)z7!] =1 as an element

of Hy/Hy.1. Hence [f] € ker 7. O

3.2 higher-order Magnus Subgroups

While the higher-order Johnson subgroups and homomorphisms are defined for any

characteristic subgroup H, this machinery is of particular interest in the case where
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H is the commutator subgroup of F', denoted by [F, F'| or F'. Through the remainder
of the paper, we focus primarily on this case. For clarity, we repeat the definitions of

the higher-order Johnson subgroups and homomorphisms here for this special case.
Definition 3.3. For k£ > 2, the higher-order Magnus subgroups M(S) are given by
M(S) = J,EF’F](S). Equivalently,

M (S) = ker (Mod(S) — Aut(F/F))

It is of particular importance that M;(S) = ker(Mod(S) — Aut(F/F®M) is the
Torelli group, and Ms(S) = ker(Mod(S) — Aut(F/F®) is the kernel of the Magnus
representation of the Torelli group. Thus the higher-order Magnus filtration,

Mag(S) = My(S) D M3(S) D -+ D M(S) D -+

is a filtration of the Magnus kernel.
To investigate the structure of these higher-order Magnus subgroups, we will make

frequent use of their corresponding higher-order Johnson homomorphisms.
Definition 3.4. The higher-order Magnus homomorphisms,

7, (f) : Mi(S) = Homgp/p(F'/F" — F,/F4),
are the higher-order Johnson homomorphisms with characteristic subgroup F’.

Remark 3.3. Note that as a special case of Proposition 3.2 we have that M, C ker7;.

Hence the Magnus homomorphisms are well defined on successive quotients

o My
B My

— Homgp e (F'/F", F, [ F} ).

Thus, just as with the Johnson homomorphisms, for f € M}, computing 7,(f) # 0

pins the location of f in the higher-order Magnus filtration precisely.



Chapter 4

Algebraic Tools

We take this opportunity to prove some algebraic results that will be of use in proving

our main theorems.

4.1 Basis theorems and properties of lower central

series quotients

We will make extensive use of several variations on the basis theorem for lower central
series quotients of free groups [9] Theorem 11.2.4. We begin by discussing the notation
and results for Hall’s basis theorem before proceeding to generalizations of this result.

Let E be a free group on a free basis z, ... z,. We define basic commutators and

construct an ordering on the basic commutators inductively as follows:

e The basic commutators of weight 1 are the generators zi,...z, with z; < z;

for i < j.

32
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e The basic commutators of weight n ate the commutators ¢ = [¢;, ¢;] where ¢
and c; are basic commutators with weights summing to n. These are ordered
lexicographically: if ¢ = [¢;, ¢j] and ¢’ = [c], ¢}] then ¢ > ¢ if ¢; > ¢} or if ¢; = ¢]

/
and c; > Cj-

By imposing the additional requirement that ¢; < ¢; if the weight of ¢; is less than
the weight of ¢;, we achieve an ordering of all basic commutators.

Above we have given a precise construction of a strict ordering on basic commu-
tators. While this ordering is consistent with Hall’s original definition of ordering on
basic commutators, he only insisted that the ordering be consistent with the partial
ordering given by the weights and allowed for arbitrary ordering of commutators of
the same weight. For our generalizations of the basis theorem, we find it advanta-
geous to work with the specific ordering given above. This specific ordering of basic
commutators has appeared before in [20].

To speak precisely about commutators and lower central series, we also introduce

some new terminology.

Definition 4.1. Let aq,...,a, € G. We define an n-bracketing of a4, ..., a, induc-

tively by

e The 1-bracketing of a; is ay

e A n-bracketing of ai,...,a, is any commutator [cg,c,_x] where ¢ is a k-

bracketing of ay, ..., a; and ¢, i is an (n — k)-bracketing of a1, ..., ay,.

We call an element a; in an n-bracketing of ay, ..., a, an entry.
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Note that the definition of n-bracketing is not very restrictive. For example,
the commutators [[a, as, [as,a4]], [[[a1,az], as],a4], and [aq, [as, [as, a4]]] are all 4-
bracketings of the entries aq, as, as, ay. Note that by the definition, any n-bracketing
is an element of GG,,, but it is possible for an n-bracketing to lie in a deeper term of
the lower central series.

Given these definitions for commutators, we are now equipped to approach the

basis theorem.

Theorem 4.1 (Hall). If E is the free group with free generators xi,...,x, and if
in a sequence of basic commutators cq,...,c; are those of weight 1,2,... k then an

arbitrary element g of E has a unique representation
g=ci'---c mod Epyy
The basic commutators of weight k form a basis for the free abelian group Ey/Ejy1.

Hall’s basis theorem applies only to lower central series quotients of finitely gen-
erated free groups. Below, we generalize the basis theorem to hold for lower central

series quotients of infinitely generated free groups.

Corollary 4.2. If E s the free group with free generators xy,x2,... and if in a
sequence of basic commutators {c¢;} are those of weight 1,2, ... k then an arbitrary

element g of E has a unique representation

g= H ¢t mod FEgiq

where e; = 0 for all but finitely many 1. The basic commutators of weight k form a

basis for the free abelian group Ey/Ejy. .
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Proof. Let E(i) be the free group on zj,...,x;. Note that the natural inclusion
E(i) — E(j) for j > i sends basic commutators to basic commutators and respects
the ordering on basic commutators.

We first show that show that the map ¢;; : E(i) — E(j) induces an injection on
the lower central series quotients 7, : E(i)r/E(i)k+1 — E(j)k/E(J)r+1. Note that
Hy(E(1),Q) = Ho(E(i),Q) = 0, as the wedge of i or j circles is a K(G,1) for E(i) or
E(j) respectively. Furthermore, ¢; ; induces an injection Hy(E(i), Q) — H1(E(j), Q).
By Proposition 2.4, ¢;; induces an injection 7;; : E(i)i/E(i)gr1 = E()i/E(G) k1
since free groups have the same rational lower central series and lower central series.

Let ¢; : E(i) — E be the natural inclusion map sending x +— xy for £ < i. By an
analogous argument, ¢; induces an injection z; : E(1)x/E(i)k+1 <= Ex/Egi1.

Given this it is easily checked that {E(i)x/E(7)k+1, i} is a directed system of
groups. We will show that Fjy/FEjy.; is the direct limit of this system. For this it
suffices to show that for a group G and maps f; : E(i)r/E(i)rr1 — G such that
fi = fj o tj, there exists a map f : Ejy/Eyy1 — G such that f o = f;. For any
element x € FEy/Ej,1, x can be written as a finite length word in the generators
x1,.... Hence z € E(i)y/E(i)gy1 for some i. Define f(z) = fi(x). It is clear the
resulting map f is well defined and has the desired properties.

To prove the first statement of the theorem, let g € F, then g € E(i) for some i.
Hence in E(i) there is a unique representation for g as g = ¢7* -+ - ¢ mod E(1)s41.
As E(i)r C By, g=c"---¢* mod FEj, is a representation of g in the desired form
in E. Suppose there is another representation of this form, g = dj* ---d$* mod FEj;.

There exists a j such that all of the basic commutators cy, ..., ¢, dy, ..., ds € E(j).
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Then by the basis theorem for finitely generated free groups these representations
must be the same.

To prove the second statement, note that as Ej,/Ej is a direct limit of E(4)/E(7)g+1,
it follows from the basis theorem for finitely generated free groups that the basic
commutators of weight k generate Fj/Fj,;. Furthermore, for any finite collection
of basic commutators of weight k ¢y,..., ¢, there is some ¢ such that ci,...,¢, €
E(i)x/E(i)ky1. Hence all commutators of weight k are independent. Therefore the

basic commutators of weight k form a basis for Ey/Ej;. O

Lemma 4.2. Let G be a group and let a € Gy,. By the definition of the lower central
series, a is some n-bracketing of ay,...a, where a; € G, n <k, and a; € Gy, where
Yomki=k. Letcy,. .., c, be elements of G with ¢; € Gy, 41. Let d be the commutator

a where each entry a; is replaced by c;a;. Then o' = ca for some ¢ € Gy

Proof. We prove this using strong induction. For the case k = 2, a = [a;,, a;,]. Using
the commutator identities [uz,y] = "[z,y]lu,y] and [z,vy] = [z,v] Y[z,y] we can

perform the following computation:

a = laay,ca;,)

= “ [&ila C2ai2] [017 CQGZ'Q]

= Dayy, ca] Naiy, aiy)[c1, c2ai,)

= [xip 02]0201 [aiu aiz]cl_lc2_1 [Cla C2ai2]

= 4 [aiU 62]0201 [aiyai,] (01_102_1[01, CQJ]Z‘Q]) [ail, ai2]
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Hence for ¢ = “[a;,, ca]cacy @22l (¢ ¢; 1, e2a3,]) our base case holds.
For the inductive step, suppose a = [a,, a,] where a,, € G,,, and a,, € G,,. By the

inductive hypothesis, a), = ¢,a,, where ¢, € G,,,41 and a, = c,a, where ¢, € G, 11

a = lay,a,]

- [Cmam> Cnan]

= [CLm, Cnan] [Cm7 Cnan]

— Cm[ ] cncm[

A, Cn, Ay G [Cmy )

— Cm[ 1

Ay Cn)CnCon [ @y @)t e [Cms Crti)

1 -1

= cm[a'ma Cn]cncm [am.an] (C»;@ Cp, [cm7 cnan]) [(Lm, an]

To finish the proof we must show that “m[a,,, ca]cncm @9 (7 re em, cpan)) is
an element of G, 1,,11. Note that [a,,, c,] € Gpini1, and so any conjugate is also in

E,inv1. We simplify the above expression as modulo G, 1,1 as follows:

a, CnlCnCm [am.an] (cfnlc;l[cm, cnan]) = ¢,y [P0 (C;Llc;lcmcnancglla;lc;l)

= e " ([ e e 0y e )

= a1 (et 6 o (eucun) ™)

-1 -1

= CpCrn [, Q] [Cm 1 Cny Hanc;leCncm)_l[ama an]_l

AS [am, an) € Gpin, it is in the center of G/Gy,4p41. Also note that the commutators

[t ¢ Y] and [a,, '] are elements of G, 1. Thus modulo G,y q1 the expression

m’n
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reduces further to:

1 -1

cm[amy Cn]cncm [am.an] (ermlcy:l [Cma Cnan]) = CnCm [ama an] [C_ c Hanc;leCncm)_l [ama a'n]_

m ) “n
= CpCm [ama an] (Cncm)_l[ama an]_l

=1
Hence for ¢ = “[ay,, cu]cncm @) (¢l e e, cnan]) our induction holds. O

Corollary 4.3. Commutators in Gfil are linear in each entry. In other words, given

a,b,c € G. If C € GC:L be an n-bracketing with [ab,c| as an entry. Let C' be the

commutator obtained by replacing the entry [ab, c| with |a,c|[b,¢]. Then C = C'. In

addition, iof C' € Gfil with an entry la,bc] and C' is the commutator obtained by

replacing the entry |a, bc] with [a,b][a, c], then C' = C".

Proof. We will prove the first identity. The proof of the second is analogous.

In any group we have the identity

lab, c] = b, c][a, c]
= [a, ] (b, ]
— [CL, C][ [c,a]ab, [c,a]ac].
Let b € G, and c € Gy,. Note that the elements b and [ealap share the same class

in G/Gy,+1. Similarly, the elements ¢ and [calae share the same class in G /G 41

The result follows immediately from Lemma 4.2. O]

Corollary 4.4. Let E be the free group with free generators x1,xs,.... Let 21, To,. ..

be the classes of x1,xs,... in EJE'. Consider the basic commutators ¢; of weights

1
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1,2,...,k in elements x1,2s,... defined in the same fashion as before (inductively

from the ordering ©1 < T3 < ... ). An arbitrary element g of E has a unique repre-

sentation

€t

g==ac G mod L4

The basic commutators of weight k form a basis for the free abelian group Ej/Ejy.y1.

“ mod FEj.; is unchanged

Proof. By Lemma 4.2, the representation g = ¢1“' --- ¢
by sending x; to another element in the same homology class. It follows that g =
A - 6% mod Epyq is a well defined representation of g. The remaining state-

ments follow directly from Corollary 4.2.

]

The following proposition establishes a relationship between bases for the lower

E(n)k
E(n)k+1

E(n—1)g
E(n—1)k41"

central series quotients and

Proposition 4.3. Let E(n — 1) be the free group on {z1,...,x,_1} and let E(n) be
the free group on {x1,...,x,}. Let m: E(n) — E(n — 1) = E(n)/{x,) be the natural

quotient map. The kernel of the induced map

T EMin | Bi— iy

15 generated by weight k basic commutators which have x, as an entry.

Proof. Let K be the subgroup of % generated by basic commutators which have
x, as an entry. We show K = ker7. First, consider a basic commutator ¢ of weight

k which has z,, as an entry. We show that 7(c) = 1 using strong induction.
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In the first case we consider a weight 2 basic commutator. Suppose ¢ = [z;, x| or

¢ = [z, z;] for some x;. Then

and similarly for ¢ = [z, z;]

Suppose for induction that for all commutators ¢ of weight less than k, that
m(c) = 1. Let ¢ be a weight k basic commutator with z,, as an entry. Then ¢ = [y, ¢o]
where ¢; and ¢y are basic commutators of weight < k — 1. Either ¢; or ¢, must have

x, as an entry. If ¢; has x,, as an entry then

m(e) = [r(cr), m(c2)]
= [1,7(c2)]

=1

and similarly if ¢ has x,, as an entry. Thus K C kerT.
To show the opposite inclusion, let ¢ : E(n — 1) — E(n) be the natural inclusion

E(n—1) E(n)y — -
En-Dr:  Ers” Furthermore as Tot

map. This map induces a monomorphism 7 :

is the identity map, 7 is a retract.

E(n— 1)k T E’(n)k T E(TL— 1)k
En— Do Emn  B(n— Depy

Suppose ¢ € E(")i - and ¢ ¢ K. Then by the basis theorem ¢ can be written as a prod-

E(n)k

uct of basic commutators ¢y, ..., ¢, in the generators {zi,...,x,}. In this product
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there is some set of basic commutators {¢;|i € A} for which ¢; ¢ K. Then by defini-
tion of K, for each i € A, ¢; is a basic commutator in the generators {xy,..., 2z, 1}
Thus for each i € A, ¢; € im7 and the product of these basic commutators Hie 4 Ci s
nontrivial. Then as 7(¢;) = ¢; for each i € A and 7(¢;) = 1 for ¢ ¢ A, it follows that

7(c) = [],c4 ¢i- Hence c ¢ ker 7. Therefore, K = ker 7, as desired. O

4.2 Module structure of the lower central series

quotients

The first result in this section provides a homology basis for the commutator subgroup
of a free group E’. An equivalent set was shown to be a basis in [1]. We provide an

original proof here for completeness.

Lemma 4.4. Let E = FE(xy,...,x,) be a free group on {xy,...,x,}. Let
B = { Wiz, x]li < j,wi; € Im(Hy (E(xq,...,2;)) — Hi(E))}. Then B is a ba-

sis for Hy (E', 7).

Proof. To show B is a basis for H;(E) we must show that B generates the homology
of E/, and also that there are no relations among the elements of B. We first show
that B generates.

The set B' = {[z;, z;|"|i < j,w € Hi(E)} is a clear generating set for Hy(E£').
Hence to show that B is a generating set it suffices to show that any element of B’

can be written as a linear combination of elements of B. Any element w of Hy(E)

Mn
n )

can be written as a product w = x7" --- 2", and hence a general element b of B’
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1

takes the form & = =1 5" [z, x;]. Note that if m; = 0 for all [ with j <! <n, then

b € B. For k > j we may express [, z;] as follows:

g, xg] = (v, wg] + g, o] — ag, vn] — [, k] + P, 2]

2] = [wna) + % w0 Py, a] 0 ]+ S, ).

Note that both expressions above are linear combinations of elements of B. Given

+1
the above, we can express ""t [z;, ;] as follows:

Vg, i) = Ml )+ Vg, k] + g, o]+ Cws, w] Y [, 2]

) = V] 4 g, ] U Ty, ] O [ w4 O S, @),

Thus by induction, any element of B’ can be expressed as a linear combination of
elements of B. Hence B is a generating set for Hy(E").

To show that there are no relations among the elements of B we will employ
the following map. Let X be the wedge of n circles and let X denote the universal
abelian cover of X. Note that 71 (X) = E. Thus m ()?) = F" and H; ()2) = H,(F').
Let v be the vertex of X. Then by the long exact sequence of a pair we have that
i: Hi(E') — H <)~(, 77), where the ¢ is induced by the natural inclusion. Note that
H, ()? : 17) can be identified with the free ZA module with basis (z1,...,x,) where A
is the free abelian group on the basis (y1, ... yn)-

Consider a linear combination Y a; ;(k) “ii®)[z;, x;] of elements of B that is 0

in H;(E). By looking at the geometry of the inclusion X - ()? ,z?) we see that

i (X aig(k) i Wag, x]) = 3 aqi(k)w; (k) (1= yy)zi + (ys — 1)x;). We define up-
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per and lower bounds on the height of x; in the y; direction as follows:

Uiy = max{m;|wi;(k) =y - 43", ai5(k) # 0}

Liy = min{m;lwi;(k) = " -y, ai5(k) # 0}

As the expression ) | a; ;(k)w; ;(k) ((1 — y;)z; + (y; — 1)x;) has finitely many a; ; (k) #
0 for each pair ¢, 7, if there is a;;(k) # 0 for some k, then there must exist words

w; ;(k*) and w; ;(k,) such that

®\ _ omi mji—1 U ;j
w; (k) = oy oY Y

om mj_1 Li;
wi,j(k*) =Y Yy

and with a; ;(k*) and q; j(k.) nonzero.

Note that the only parts of the sum > a; j(k)w; (k) (1 — y;)z; + (i — 1)x;) con-
taining z; terms are of the form ay ;(k)w; ;(k)(1 — y;)z1. Suppose that ay,(k) # 0
for some k. Consider the —ay ,(k*)wy ,(k*)y,21 summand of the above expression,
Yoa;j(k)w; (k) (1 —yj)x + (i — 1)z;). By assumption, the summation
> aij(k)wi; (k) (1 —y;)x; + (yi — 1)) = 0.

Suppose that wj, (k*) is another word achieving the upper bound Ui,. Then
wyn(k*) = yi" - -y;'i”flygl’” and w} (k") = g -y;njl’ly;]l’" where m; # m) for
some i < n. Hence the term corresponding to w} ,,(k*), a} ,,(k*)w ,(K*)(1 —y,)z1 can
have no interaction with —ay ,(k*)wy ,(k*)y,21. The same holds for words wy , (k)

which do not achieve the upper bound U, ;.

Note that by definition of our proposed basis w; ;(k) is an element of the free
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abelian group generated by yi,...,y;. Hence for j # n, wy,(k*)y,x1 # wi (k)
unless Uy ,, = —1.

Similarly, we may consider the a1, (k.)w;,(ki)z; summand of the above ex-
pression, Y a;;(k)w;;(k) ((1 —y;)z; + (yi — 1)x;). By an analogous argument, for
Wy (k)z1 # wy,(ki)xy and for j # n, wy ,(k)z # wy ;(k)2; unless Ly, = 0.

By definition of our upper and lower bounds, U, ,, and Ly ,,, U, > L1 ,, and hence
we cannot have —1 = Uy, < Ly, = 0. Thus a;,(k) = 0 for all k.

The key to concluding that a;,(k) = 0 was the fact that for j # n,
w10 (K" )ynz1 # wy j(k)z1, and wy ,(ki)z # wy;(k)zy as the powers of y, in wy ;(k)
are zero. Now that we have concluded a;,(k) = 0 we can make some similar state-
ments about the height of x; in the y,_; direction: wy ,—1(k*)yp_121 # wi j(k)z1,
and wy ,,—1(k.)z1 # wy;(k)x1. Since there are no nonzero aj,(k), the only terms
with nonzero powers of y,_; now come from the w; ,_; terms. We make this concept
precise via a descending induction on the index j.

Suppose that the coefficients ay;(k) = 0 for all [ > p. Suppose that
aip(k) # 0 for some k.  Consider the —ay,(k*)wy,(k*)y,x1 summand of
> a;;(B)w; ;(k) (1 —yj)x; + (y; — 1)x;). By definition of our proposed basis wy j(k)
is an element of the free abelian group generated by yi,...,y;. Since there are no
terms with j > p, for j # p, wy ,(k*)ypx1 # w1 j(k)z; unless Uy, = —1. As our sum
is zero, the wy ,(k*)y,z1 term must be zero. Since the only contribution to this term
is the —a, ;, coefficient, it follows that U; , = —1.

Similarly, we may consider the aj,(ki)wy,(ki)x; summand of the sum,

Yo ai;(k)w;;(k) (1 —y;)x; + (y; — 1)x;). As there are no terms with j > p, for j # p,
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wy p(ki)x1 # wy j(k)zy unless Ly, = 0. As our sum is zero, the wy ,(k,)y,; term must
be zero. Since the only contribution to this term is the a; , coefficient, it follows that
L, , = 0. By definition of our upper and lower bounds, U, , and L, ,, Uy, > L;,, and
hence we cannot have —1 = Uy, < Ly, = 0. Thus a; ,(k) = 0 for all k. Hence by our
induction, a; ;(k) = 0 for all j and all k.

Since ay j(k) = 0, x2 now plays the role of z1, and hence we can make the conclu-
sion that as j(k) = 0. We make this precise by an induction on the index i.

Suppose that a;;(k) = 0 for all j and for all [ < p. Then the only z, terms
come from the a, ;(k)(1—y;)z, summands of ) a; ;(k)w; ; (k) (1 — y;)x; + (y; — 1)x;).
Thus we can repeat the above induction on the index j to conclude that a, ;(k) = 0
for all j and k. Hence a; ;(k) = 0 for all 4, and k.

Thus we have shown that for a linear combination Y a; (k) “#®)[z;, 2,] of ele-
ments of B that is 0 in H;(E), all a;,;(k) = 0. Thus there are no relations in the
among the elements in the set B.

As B generates Hi(E') and has no relations, B is a basis for H;(E").

]

E
7

Lemma 4.5. The module =

k- has no Z [ Z] torsion of the form (1—x;)w = 0, where
k+1

x; 15 a generator for E.

Proof. Consider the homology basis B for E’ given by Lemma 4.4. Note that the

set of basis elements, B, maps to itself under conjugation by z;. Given an element

, by Corollary 4.4, w can be written as a product w = [[%, ¢"

/
Ek
7

w €
Ek+1

where ¢; are

basic commutators in the elements of H;(F’) and ¢; < ¢;41 for all 1.
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As in the proof of Lemma 4.4, let X be the wedge of n circles and let X denote
the universal abelian cover of X. Note that 7m1(X) = E. Thus m ()?) = E’' and
H, ()?) = Hy(F'). Let v be the vertex of X. Then by the long exact sequence of
a pair we have that i : Hy(E') — H; ()?,17), where the ¢ is induced by the natural
inclusion. The universal abelian cover, X, is a 1-complex taking the form of a square
grid with a dimension corresponding to each generator. The vertices of this grid can
be labeled by a vector (ay,as,...,a,) where a; denotes the distance of the vertex in
the z; direction. These vertices can be ordered by the dictionary order. That is, if
v=(ay,...,a,) and v = (a},...,a),) then v < v’ if a; < a} or a; = a for all i < j
and a; < aj.

Any edge in the lattice can then be written as an ordered pair of vertices, e =
(v1,v9) with v; < ve. The edges then inherit a strict ordering by the dictionary order
on the weighted vertices. That is, if e = (v1,v9) and €' = (v}, v}) then e < €’ if v; < v]
or if v; = v} and vy < V4.

Any basis element of H;(E") (in the basis described in Lemma 4.4) can be written
as a finite sum of edges, ¢ = 22:1 bie; where e; < e;11. Thus the weighting on
oriented edges of £ induces an ordering on basis elements of the homology of £’ by
the dictionary order in the same way. We may represent any element c¢ as a vector
(b1, b, - - - ) where b; is the coefficient of the edge e;. Note that by construction, such
a vector has finitely many nonzero entries. For ¢ = (by,...) and ¢ = (b},...) then
c<cifb <V orb =0bforall i <jandb; < ¥ In this manner we obtain a

strict ordering on basis elements of H;(E). We can use this ordering of our homology

basis to construct our basic commutators as in the basis theorem. Conjugating by
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x1 preserves the ordering on homology elements of £’ as it preserves the ordering on
vertices. Hence since B is invariant under conjugation by x, each basic commutator
m Qg

¢; in the product w =[]~ ¢

i1 Ci" where ¢; is sent to another basic commutator in the
elements of B, ¢;. As the ordering on elements of B is preserved under the conjugation
by x1, the ¢} also satisfy ¢} < cj, ;.

Hence by Corollary 4.4, x; - w can be written uniquely by the basis theorem as
z1w =[], ¢, where ¢, = "¢;. Note that w # z1-w as ¢; # ¢ and thus the unique
expressions of w and "'w have distinct least commutators. Thus (1 — z1)w # 0.

The result that (1—x;)w # 0 for any ¢ can be obtained by reordering the generators

of E such that x; plays the role of x;. O

Note that (1 — z1)(1 — z2)w # 0 is equivalent to the statement that the map
(1—x)(1—x2) : % — % is injective. Hence if w # ' then (1 —21)(1 — x9)w #

(1 —21)(1 — z2)w’. This fact will be employed in future Magnus homomorphism

computations.



Chapter 5

Main Results

In this chapter we investigate properties of the higher-order Magnus subgroups. Sec-
tion 5.1 develops a way of obtaining mapping classes in My (S) from those in Ji(D)
and shows these mapping classes to be nontrivial. Given that it is known that Ji (D) is
nontrivial for all k, this shows that the higher dimensional analog Mj(S) is nontrivial
for all k£ for genus > 3. In Section 5.2 we seek to strengthen this result. We will show
that the Magnus homomorphisms are nontrivial on M(S) given some conditions on
Tk(Jk(D)). Using these Magnus homomorphism computations we will exhibit a sub-
group of %ﬁl isomorphic to a lower central series quotient of free groups. Finally, in
My (S)

Section 5.3 we will show that s (5) is infinite rank for all k.

5.1 Constructing elements of M; via subsurfaces

Let S be a surface with genus ¢ > 2 and 1 boundary component. Let D be a sphere

with n disks removed, n > 3. We work to relate Johnson filtration on D to the

48
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Magnus filtration on S by considering separating embeddings of D in S.

Definition 5.1. Let D have boundary components by, ...,b,. The mapi: D — S'is
a separating embedding if ¢ is an embedding such that i(b,),...,i(b,) are separating
curves in S and i(by) is either a separating curve in S or is the boundary component

of S.

Figure 5.1: To obtain examples of f' € M(S) from f € Jp(D), we embed the disk,
D into S such that each boundary component of D is either separating in S or is the
boundary component of S. The above illustrates a possible separating embedding of

Dy in S,.

We first develop a relationship between the Johnson subgroups on a disk and the
Magnus subgroups on a larger surface. For this we will employ a specific basis for F’
that is compatible with the arcs which generate Hy(D,0D). Let * be a basepoint for
F = 71(8S) located on the boundary of S. Let A; be arcs connecting the i boundary
component to py as in Definition 2.3. Let p; be the terminal point of A;. As the
boundary components of i(D) are separating in S, S\ D is a disjoint union of at most

n + 2 surfaces, one of which is ¢(D). Let us denote the other surfaces X, ..., %,,
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with ¥y chosen such that Yy contains the boundary component of S (note that if
maps a boundary component of D to the boundary component of S, ¥y is empty).
Let 3; have genus g;. Then 7 (%;, p;) has a basis consisting of 2¢g; loops (given the
extra boundary component, ¥y will have a basis of 2gy + 1 loops, but we will only
consider the 2gy loops which form a basis for the capped off surface). By the Seifert
Van Kampen theorem, we can combine these bases to form a basis for [’ as follows:
Let C' be an arc joining * to py. The elements of our basis for S are the homotopy
classes of the loops C'4;8A; C' (or CBC for i = 0) where (3 is a generator of 71 (3, p;).
This basis is illustrated in Figure 5.2 below. We denote the elements of this basis

{al’ Ty Qg ’79} where the curves Qo+ tgi_1+1 Vgo+-Fgi—1+1y - - - s Xgot-+gis Vgo+-+gs

are those basis elements produced by the generators of m (%;, p;).

Lemma 5.1. Let i : D — S be a separating embedding. Let [f] € Mod(D) and let
f be a representative homeomorphism of [f]. Let f': S — S be the homeomorphism

defined by

x r e S\iD)
then if [f] € Ju(D), [f] € Mi(S).
Proof. Choose an ordering of the boundary components of D, points p; on these
boundary components and arcs A; as in Definition 2.3 such that the boundary com-
ponent of S is contained in the component of S\ inti(D) containing the 0" boundary
component of D. Let * be a basepoint for 7 (.S) which lies on 05 and let ¢ be an arc
parametrized on [0, 1] such that ¢(0) = * and ¢(1) = py € dD. By construction of

our basis for 7 (.5, *) in which each generator can be represented by a loop « which is
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Qgot+g1+92 [ (<
’790+91+92
Qgo+g1+1 <
790+91+1
D2

-----

790"!‘91 P)/go-i-l ago+...+gn_l+1 Ckg
Qgo+g1 Ygo+-+gn-1+1 Vg

Figure 5.2: Pictured above is the chosen basis {a1,71,...,a4,7,} of F, obtained by

connecting the bases for m(3;, p;) to the basepoint * via the arcs A;.

either disjoint from i(D), or is of the form o = CA;8A; C with 8 a loop intersecting
i(D) only at its initial and terminal points.

For « disjoint from (D), f/(a) = a and thus f/(a)a™! =1 is trivially contained
in F}.

For a = C'A;3A; C we can perform the following computation.
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f(a)a ~ f(CA;BA; O)(CA;BA; C)

-1

Note that (f(4;)A;)) = Aif(A). As f € Ju(D), both A;f(A;) and f(A;)A; are
contained in (D). Each boundary curve of i(D) is the boundary of a subsurface
of S and hence is contained in [F, F]. Since m(D) is generated by the boundary
curves of D, it follows that i,(m (D)) C F’, and hence i,(m (D)) C F}. Hence both

i.(Aif(4;)) and i.(f(A;)A;) are contained in F}. Considering the above expression

modulo F] we then achieve the following.

f@)a™ = CA,B4;, CCABA, C mod F

=aa ' =1 mod F},

Therefore f' € M(S5).

O

Lemma 5.1 allows us to construct numerous examples of elements of My(S) by

extending homeomorphisms in J; of embedded disks.

Proposition 5.2. Leti: D — S be a separating embedding. The map ' : Mod(D) —

Mod(S) given by i'([f]) = [f'] is an injective homomorphism. This map induces a
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homomorphism
5. Ji(D) M (S)
CJka(D) My (S)

Proof. We begin by showing that ¢ is multiplicative. Consider maps [fi],[f2] €
Mod(D) and let fi, fo be corresponding homeomorphisms. Clearly as elements of
Mod(D), [fil[f2] = [fifz]. The composition f;fs is a representative of the class

[f1f2]. We then have:

i ([f)lf2]) =7 ([fif2))
= [(f1f2)/] :

Note that by definition (f; f3)" is the homeomorphism S — S which extends f fo by

the identity. We then have that (fif2)" = fif5. By definition of multiplication in

Mod(S), [fif3] = [A]lfs]. Thus,

I ([Allf)) = [(f1f2)]
= [f1/3]
= [Allf]
=7 ([ 7 ([f2])

Thus ¢ is multiplicative.
To show that 4’ is injective, it then suffices to show that keri’ = 1. This amounts
to showing that beginning with a nontrivial mapping class f € My (D), the resulting

mapping class ' € M(S) is necessarily nontrivial. As no boundary component of
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D is nullhomotopic in S, this follows directly from [5] Theorem 3.18. Hence i’ is a
monomorphism.

We now address the second part of the proposition: that ¢ induces a homomor-

phism i : Jﬁ(fl)?) — Mj\ﬁ%) By Lemma 5.1 #'(Jy,11(D)) C M11(S). Thus the map 4
is well defined. It is clearly a homomorphism as ¢’ is a homomorphism. This completes

the proof. O

5.2 Magnus homomorphism computations

Having developed a relationship between Johnson subgroups on D and Magnus sub-
groups on S, we now seek to relate the Johnson homomorphisms on D to the Magnus
homomorphisms on S. To do this we must first examine the relationship between the
lower central series quotients of 7 (D) and F".

Let G denote the fundamental group of D, the disk with n holes, and let y; be
the generators of G obtained by traveling along arc A;, circling the corresponding
boundary component in a counterclockwise direction, and returning to the basepoint

along A; as shown in Figure 5.3.

Lemma 5.3. Let ¢ : D — S be a separating embedding. The induced map

Gk Fy
Grt1 Flg+1

Ty 1S 1njective.
Proof. To show that the above map is an injection, we will employ Proposition 2.4.
Hence we must show that the homomorphism i, : G — F’ given by y; — [, Vil

induces an injection Hy(G;Q) — Hy(F"; Q). As G/G'" and F'/F" are torsion free

abelian groups, it suffices to show there is an injection H,(G;Z) — Hy(F';Z). Note
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Figure 5.3: Pictured above are the generators y; of G. A generator y; is obtained by
traveling along arc A;, circling the corresponding boundary component in a counter-

clockwise direction, and returning to the basepoint along A,.
that by our previous construction of the basis for F”,
Z*(yl) = [Oégo+---+gi71+17 f)/g0+...+gi71+1i| T [agoJr---Jrgw ’}/90+"'+gi] :

Consider an element Y n;y; which is nonzero in G/G’. We compute the image of this

element by i, as follows:
Uy (Z nz’%’) = Znﬂ*(yz)
= Z Us [O‘90+"'+9i71+17 /790+~-~+91'71+1] e [&go+~~+yz‘7/790+~“+gi]

Because Y n;y; # 0, n; # 0 for some j. Consider the map g; which maps S to the

punctured surface as shown in Figure 5.4.
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Figure 5.4: Pictured above is the continuous map g; : S — T". Everything above and

including the curve i(b;) for ¢ # j is collapsed to a point p;.

We find that
Gjxlx (Z nz%) = nii(yi)
= Gj* (Z i |:Oé90+"'+gi71+17 ’Ygo+~~+gi,1+1] S [Oggttg, s ’Ygo+--~+gi]>
= Z NG« ([a90+"'+gi71+17 ’Ygo+"'+gi71+1} o [t Vgo+-~~+gi])
=1y [gj*(%o+~~+gj_1+1)agj*(7g0+-~~+gj_1+1>]

T [gj*<ago+'"+gj>a Gjx (7904‘"'4-9]')] .
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Clearly j [gj*(()é!]0+“'+gj71+1)7 gj*(’ygo+"-+gjf1+1)} T [gj*(ago+"-+gj>> gj*<fygo+"-+gj)} #0
in Hy(T'). Hence i.(>_ ny;) # 0.

]

Let f': S — S be constructed by taking a map f in Ji(D) and extending it to
the whole surface by the identity, as in Lemma 5.1. We relate the 7(f) and 7,.(f’) in

the following lemma.

Lemma 5.4. Let S be a surface with genus g > 2 and 1 boundary component. Let D
be a sphere with n disks removed, n > 3. Leti: D — S be a separating embedding. Let
f € Ju(D) with m,(f)(A;) = w; € m(D)g/m1(D)gy1 and let f = 1i'(f) be the element of
Mod(S) given by Lemma 5.1. Let ~y; and ~y; be elements of F' that intersect i(D) along
the arcs A; and A; respectively. Then m.(f")[vi, 7] = (1 =) (1 —;) (ix(w;) — is(w;)).
Furthermore, if w; # w; as elements of w1 (D) /m1(D )41 for some choice of i, j then

7.(f") # 0.

Proof. Let w; = 14(f)(A;). We wish to show that 7,(f")[vi,7;] # 0. We begin by

computing 77(f")([i,75])- By construction, v; = CA;8;A; C for some loop ; in S\ D
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by our construction of the basis for F'. Then by definition

() (s v]) = (v v ) s il
= [f' (), £ ()l il
= [[(CABA; O), f'(CA;B;4;,0)[;, vl

= [Cif (A)Biif (A)C, Cif (A))Byif (A;)Cl il

= [Cif(A)Bii f(A:)C, Cif(Ay)Bsif (A;)C) v,
= [Ci (f(A)A;) AiBiAji (&W) c

Ci (F(A)A) A6, (ATTA)) T by
= [(Ci(#(4)7) 0) (CABAD) (i (ATTA) ).

Note that i, : m(D,po) — m(S,i(po)). Allowing a change of basepoint from

m1(S,i(po)) to m (S, *) = F, we may further reduce this expression as follows:
() (i ]) = Li(wi) it (wi ), d(ws) vz (wi )], )
= [[aeCwi), vl [8 (w;), vl [ i)

Using the commutator identities [ga,b] = 9[a, b][g,b] and [a, hb] = [a, h] "a, ] it

is possible to reduce this expression to the following:

() (i) = E002d s, T (w;), 5] B Conillis e sling 1 (i), i), [ (w5), 75])

il i (w;), 3], 5] i)
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As i (G) C F' and w;,w; € Gy, i.(w;),is(w;) € F|. Thus the commutators
i (w;), Yi, [i5(w;), ;] are elements of F}, and hence the conjugation in our expression
is trivial modulo Fy_ . In addition [[i,(w;), V], [ix(w;),7;]] € Fi,;. Thus reducing

/ in-
mod Fj_ , we obtain:

() (v 150 = s [ (wy), 510 ) [ (i) il 3105 i)

= [V, [i(w;), )] [ (wi), ¥il, v]

Equivalently, viewing the 7, (f")([7:,7v;]) as an element of the Z[F/F'] module we

can represent it as follows:
()i vl = (1= 7) (1 = ) (i (wi) — i (wy))

where (1 —;), (1 — ;) € Z[F/F] and i.(w;), is(w;) € F}/F,,. This proves the first
statement of the lemma.
To prove that wiwj_1 # 0 shows 7/,(f') # 0, we find it advantageous to express the

above computation as follows:
()i vl = (L =) (1 =) (’L*(wle’l)) )

By Lemma 4.5, 7(f')[7i,7;] is nonzero provided that i,(w;w; ") is nontrivial. This

follows directly from Lemma 5.3. O]

Let D,, be the disk with n holes and let G(n) = m(D,,). Let E(n) denote the free
group generated by z1, s, ..., x,. Let P(n) denote the pure braid group on n strands.

Consider the inclusion ¢ : E(n — 1) — P(n) obtained by mapping the generator x; of
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E(n—1)=(x,...,x,-1) by z; — A;,, where A;,, is the generator of the pure braid
group which clasps strands ¢ and n [2] as shown in Figure 5.5.

Forgetting to fix the boundary components in the interior of the disk, any mapping
class in Mod(D) is isotopic to the identity. The trace of this isotopy permutes the
boundary components on the interior of the disk to generate a pure braid. This
correspondence is an isomorphism between P(n) and Mod(D,). We denote this
natural map ¢ : P(n) — Mod(D,). In particular it is important to note that the
pure braid generator A;, yields a mapping class f;, on D, given by a single dehn
twist (twisting right) around the i* and n'* punctures as shown in Figure 5.5. Note

1 -« i i+1 - n

Figure 5.5: Left: The generator A, ,, of the pure braid group. Right: The Dehn twist

fin corresponding to A; ,

that as function composition is written right to left, the map 1) acts by reversing the

order of pure braid generators: (A - A )= fem ... fa

1,1 Pm,n/ — Jpm,n p1,m’

For a mapping class f € Mod(D,), let ¢;(f) be given by ¢;(f) = f(4;)A;.
Lemma 5.5. The map 0 : E(n — 1) — G(n — 1) given by the composition of maps

E(n—1) <% P(n) <% Mod(D,) % G(n) & G(n — 1)
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15 the isomorphism induced by mapping x; — ;.

The map i : E(n — 1) = G(n — 1) given by the composition of maps
E(n—1) <% P(n) <% Mod(D,) 2 G(n) — G(n — 1)
is the homomorphism given by v — y where n is the sum of the x1 exponents in v.

Proof. To show this it suffices to trace v € F(n — 1) through the above maps. By the

above definitions it is clear that for v = a5} --- x5 that (Y o) (v) = fym, - - f5l,

Let (o) (v) = f.
To compute ¢,(f) and ¢1(f) we examine the image of the arcs A; and A, and

the generators of G(n) under a map f;,. By direct computation we find that:

fi,n(Al) =

ynylAl ifi=1

fz,n<yn) ~ ynyz’ynyiilyrzl = yn[yi7 yn]

Fin (W) = vnyivn " = vily; ", ynl

[yiayn]_lyj[yi7yn] le <j7j 7&9
fi,n(yj> =
Similarly, we can compute the image of the arcs A; and A,,, and the generators of

G(n) under the map fi;ll, the left handed Dehn twist about the same simple closed

curve.
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fz,_nl (An) =~ yi_ly;lAn
S ) 2= Yy YnYni = Wi YnlYn
S i) =~ vy iy = it v s

i Yy Nyilys t oy ! ifi<jj#g

T, fnl (y;) =~
Let N be the normal subgroup of G(n) normally generated by y,,. We can rewrite

the above computations as follows. We use f;,, and fl_nl to denote both the mapping

classes and their induced map on G(n) for convenience of notation.

I B if 1<
fz‘,n(Al)A1 =

fi,n(yn) ~1

fim(Y5) = v if j #g

For the inverse map f;! we compute:
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1 if 1 <4

yr! ifi =1

fin W) ~y; if j #n

From the above it is clear that f;, and fz_n1 act by the identity on the first n — 1
generators of G, and sends y, to an element of the subgroup N. Note that the map
G — G/N is the homomorphism of 7,(D,,) induced by the map ¢ which caps the n'"

boundary component of D, as in Figure 5.6. As the mapping classes f;, and fz_n1 fix

Figure 5.6: Above is an illustration of the map ¢ : D,, — D,,_; obtained by capping off

the n'* boundary component. From this one can see 7y (D,_1) = (Y1, ... Yn_1) = G/N.

the n'"* boundary component and ¢ is an inclusion map, the map ¢ commutes with

fin and fz_n1 Hence N = f;,(N) = f;,;}(N). Thus, given a word in v € G, fi,, and

i\n

f[nl each map v to a word of the same class in G/N.

We show by induction that for f = fjm  --- fi! , the following computations hold

p1,n
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mod N:

where n=3" _, €.
For simplicity of notation we rewrite these equalities as
FAD AL =y oyi

FANA =y -y

where indexes are allowed to repeat. The initial case of the induction was done by

previous computations. Suppose that the above computations hold. Then it follows

that
+1 %l
f(A) = aoyr - y1 A
+1 &l
f(An) = agyy -y, An
where ag, ay € N. Consider fy-!  fom ... fa = f=l  f As fr!  acts by the

identity on G/N, we have that
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fpm+17n<yi) = a;ryi

1 -
pm+1,n<yi) =a; Y;

for some a;,a; € N, for all i. Hence we compute

;

Fominmlao) (afy) ™ - (afyn) ™ Ay if poys # 1
fpm+17nf(A1) =

)il..

+1 .
\fpmﬂ,n(aO) (afyl ) (afyl) Yn1 Ay i Py =1

(

_ _ +1 _ +1 .
o f(AY) (@) (ary) ™ o (aryn) ™ A if pmi1 # 1
Pm+1,1 1) =

_ _ +1 _ +1 _q _ .
\ Pml+1,n(a0) (al yl) o (al yl) I 1yn 1A1 if Pm+1 = 1
+1 +1
fpm+1,nf<ATL) = fpm+1,n(a6) (a?l_yll) T (@?,;?/lk) ynypm+1An
_ _ +1 _ +1 _ _
p7711+1,nf(An) = fpm+1,n(a6) (allyll) T (azkylk) yp,iﬂyn 1An-

+1 ( 0) +1

o - 1 .
st , pmﬂ,n(ao), a; ,a; ,Yn, vy, € N, we can do the following

Therefore, as

computation mod N.

el i =1
f:l:l €m L. fa (Al)Al —

Pmt1,0d Pm,n p1,n
n .
n lf Pm+1 7& 1
+1 Cm .. fa _ €1, Em, Tl
Pm+1,1Y Pm,N Plyn(An)A” - ypl ypmypm+1

This completes the induction.

Thus 0(x5, - - -5 ) = yst -+ -ys and p(w) = yy, as desired.
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Note that for words v € [E(n — 1), E(n — 1)] the maps fi,, occur in pairs with

opposite exponents. Hence for v € [E(n — 1), E(n — 1)], u(v) = 1.

5.3 Structure of the Magnus subgroup quotients

In Lemma 5.5 we considered compositions of maps which defined a correspondence
between elements of the free group E(n — 1) and elements of Mod(D,). Lemma
5.4 allows us to relate the Johnson homomorphism J(D,,) to the Magnus homomor-
phism M;(S,). We now combine these tools to construct families of mapping classes
in Mj(S,) which have a desirable algebraic structure in the image of the Magnus
homomorphism.

Let i : Dy — Sy be the separable embedding illustrated in Figure 5.1. Consider

the following composition of maps:
E(g—1) <5 P(g) 5 Mod(D,) % Mod(S,)

where ¢’ : Mod(D,) — Mod(S,) is the map described in Lemma 5.1. Let p =i’ ot os.

The following theorem illustrates that p retains the structure of the free group.

Theorem 5.6. Let S be an orientable surface with genus g > 3. Then the map
p: E(g—1) = Mod(S) induces a monomorphism on the quotients p: E(g—1)r/E(g9—

Dpa1 = My (S) /My, (S) for all k.

Proof. Let D, be a disk with g punctures. To prove the theorem it suffices to show
that mapping classes contained in the subgroup p(E(g — 1)) satisfy the conditions of

Lemma 5.4 and produce distinct images through the Magnus homomorphism. For this
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we employ several results about the pure braid group, P(g). Consider the following

split exact sequence

1= FE(g—1)—»P(g)—P(g—1) =1

where the map E(g—1) — P(g) is as in Lemma 5.5 and P(g) — P(g—1) is given

by forgetting the ¢'* strand. This exact sequence induces an isomorphism as given in

[6]:

E(g— 1) P(g — 1) ~ P(g)x
E(g— 11 Plg—1)in P(g)rt1

In particular, the map ¢ induces an injective map 7z on the lower central series

quotients:

) E(g — 1) P(9)x
“Elg— D Plen

By direct analysis of the induced automorphisms on G(g) [2] Corollary 1.8.3, it is
clear that ¢ (P(g)) C Jo(D,). Given this, Lemma 2.2 shows that ¢ (P(g)), C Jx(Dy).

Hence, we have a well defined map 1) : P](Jg()gk)L — J:igl()é)g). By [7], Theorem 1.1

Y (P(9)kt1) = ¥ (P(g)) N Jxs1(D,). Hence the map 1 is injective.

— . Plgh Jr(Dy)
v Pk +1 " Jen(D,)

Ji(Dy) Jr(Dg)
Je+1(Dg) Jre+1(Dg)

By Proposition 5.2, the map 7’ induces a monomorphism 7 :

E(g—1)
E(g—1)

By Lemma 5.4, given v € we have that

T Pe(v) 1, 7] = (1= 72) (1 = )i (w1 )i (wg) ™
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. F
written as an element of T—T—l as a Z [%} module where w; = 7,(f)(A4;).

Note that we have traced w € E(g — 1)x/E(g — 1)g+1 through the following

composition of maps:

E(g—V 7 Pl 3 J(Dy) i, Mi(Sy) )byl P:,:;
E(g—1) P(9) k41 Jir1(Dy) Mj41(Sy) Fi

By definition, the maps 7 and 7/ are homomorphisms. Proposition 5.2 shows that
i is a homomorphism. The map 7,(—)[v1,7,] : Mi(S) = F|/F},; is a homomorphism
as 7;, is a homomorphism. As all maps in this composition are homomorphisms, the
composition map is also a homomorphism.

As this composition is a homomorphism, in order to complete the proof it suffices
to show that the image of v through this composition is not the identity. As shown
in Lemma 4.5, this module has no torsion of the form (1 — v)x = 0 where 7 is a
generator of F. Hence for i, (w1 )i, (wy) ™" = i.(wiw,") # 1 as an element of F}/Fy_,,

we have that 77,('Ye(w))[y1,7g] = (1 = 71)(1 = 7g)ix(wiw, ') # 0. By Lemma 5.3 the

map i, is injective, thus it suffices to show that wlwg_1 # 1 as an element of G((;Q(Qi .
By Lemma 5.5,
m(wiwy ') = m(wy)m(wy)
= p(v)f(v)~"
=t when written in the generators y; of G(g — 1).

Since 7 is a homomorphism we can conclude that wlwg_1 # 1 and hence
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(YL (w)) [y, 7] = (1 = 7)1 = 7g)is(wiw, ') # 0. This shows that ker(p) = 0
and hence p is injective.

]

Theorem 5.7. Let S be an orientable surface with genus g > 3. Then the successive

quotients of the Magnus filtration M]\ﬁ(l%) surject onto an infinite rank torsion free
abelian subgroup of lew,; via the map
k+1

Mk(5> 77.(—)ce,c2] Flg
Mj41(S) Fin

where co and cg are the generators of F' illustrated in Figure 5.8.

Proof. Let v and 9,, be the simple closed curves on S shown in Figure 5.7. Let
in : D — S be the embedding which sends the 3 holed disk D to a neighborhood
v Ud,. This set of embeddings of the disk onto S was used by Church and Farb in [3],
Theorem 3.2 to produce an infinite family of mapping classes in Mag(S). We employ
the same embeddings to produce an infinite family of mapping classes in My (S).
Let the free group F(2) be generated by {zi,25}. Consider the commutator

& = [, z1], 2], -+, 21] € E(2)p (commutator with z; k — 1 times). By [7]

Theorem 1.1, this commutator yields a nontrivial element of J’“(D)) through the

J}C+1(D

composition:
E@2) <% P(3) % Mod(Ds)

Ji (D)

i i k. _
Tei1 (D) which arises from the commutator c*: f, =

Let fr be the mapping class in

wp(ck). Let i/ (fr) be the mapping class of S resulting from extending f, by the

identity on S using the embedding 7,,.
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Figure 5.7: Pictured above are two simple closed curves v and d3. The curve 9,, wraps
n times around the upper right handle. We consider disks with 3 holes embedded by

maps i, which send D to a neighborhood of v U §,,.

Each embedding i, : D — S yields an infinite family of elements 7,3/, ( fx))[cs, c2)-

/

We will show that for each k the set {7} (i\,(fx))[cs, c2]|n € N} is independent in ;’“

k+1

using the basis theorems developed in Section 4.1.

We begin by choosing a basis for F' for our computations. Our chosen basis is
illustrated in Figure 5.8. Note that the generators c; and ¢4 intersect each embedding
in(D) along the arcs A; and Aj respectively. Hence, we may compute 7, (i, ( fx))[cs, Co]
as in Lemma 5.4.

By Lemma 5.4,

Tk(in (fi))les, c2] = (1 = ¢6) (1 — ca)ini (w5 (wy) )

where wF = f,,(A;)A;. To show the set {7/.(i’ (f1))[cs, c2]|n € N} is independent we
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Figure 5.8: The subsurface i3(D) C S is shown in grey. The figure illustrates the basis
{c1,¢2,¢3,¢4,C5,C6, . .., c25} chosen for computation of the Magnus homomorphisms.

Note that ¢y and ¢g intersect i, (D) along the arcs A; as in Lemma 5.4.

must compute the elements i,.(w;) and i,.(ws). By Lemma 4.5 the set

{71(i. (f1)[ce, ca]|n € N} is independent if {ip.(w5(wf)~!)|n € N} is an independent

. F
set in F,k .
k+1

We impose the following ordering the elements of our basis for F': ¢; < ¢3 < ¢3 <
¢y < ¢5 < ¢g. Then by Lemma 4.4 the set B = { “ii[c;, ¢;]|w;; € Hy (E(cy,...,¢5))}
is a basis for F'. By Corollary 4.4, for each n € N, i, (w(w?)™!) can be expressed
as a product of basic commutators of weight k in the generators of B. To show that

the set {i,. (w§(wf) ™) }nen is independent we work towards expressing the elements
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as basic commutators in our basis B.

We denote the generators of G which loop around the 3 interior boundary compo-
nents of D counterclockwise by 1, ¥s, y3 as in Lemma 5.5. As shown in [3], Theorem
3.2, for the embedding i,, : D — S the generators of G map to the following elements

of F written in terms of the basis chosen basis for 7 (.S):

ine(y1) = [c2,c1]
ine(y2) = lolescdafeyeter ey, escg)
ins(Y3) = lca, c5ch03].

Again, we have allowed a change of basepoint from (S, py) to 71 (S, *) in this com-
putation.

Recall that 7 : G(3) — G(2) is the map obtained by taking the quotient by the
normal subgroup generated by y3. The retract 7 : G(3) — G(2) induces a retract of

the lower central series quotients 7 : GC(;?EizL — GC(’;()QZL Let j : G(2) — G(3) be the

G(2)k G2
G(2)k+1 G(2)g+1

natural inclusion map. Thus 7j : is the identity map. By Lemma 5.5

we have m(w¥) =1 and 7w(w%) = [+ [[y2, 11],v1] - -+, v1). Thus 7(ws(w;)™t) = m(ws).
It then follows that w¥(w?)™! = jw(w§)n* for some n* € ker .

We now compute the elements i, j7(ws(w¥)~1) using the above expressions for
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ins (Y1) and in.(y2).

G (w5 (wy) ™) = dpejm(ws)
= (Zn* ([ o Hy27 y1]7 y1]7 T 7y1]))
= ([ o Hin*(yQ)a in*(yl)]v in*(ylﬂﬂ e :in*(yl)])

= <[ .. H [05706][cs,C4]c4[cgcglc§106, 0502], [CQ, Cl]} , [02, Cl]] e [62, Cl]})

We will compute the elements i, j7 (w%(w}) 1) explicitly in terms of this basis B.

To do this we must reduce the expressions for i,.(y2) to products of basis elements of
F'/F". Employing the commutator identity [ga,b] = 9[a, b][g, b] we can re-write the

element [c3c; ey 'cq, cscl] as follows:

Unx (yQ) = [0302103_1067 CSCg]

= ey’ 3" e, c5cg) (s, esch]

— 03021[03:106,050?] 63[051,0503][03,0502]

1

= B g, k] 9 [ eset] “lert, esct][es, esch]

Using the commutator identity [a, vb] = [a,v] "[a, b], for any element ¢ we have:

[67 0503] = [Ca C5] 05[6? Cg]
= [07 05] 05[67 CG] 6566[07 cgil]

n—

= [e, ¢5) e, eg) SO, cg) - S ey )
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Using this, our original expression becomes:

in*(yQ) — 0304_1651[06, C5] 6364_16;185[067 06] 030‘:16516566[067 66] . c3czlc§1c5cg—1[067 CG]

03021[63:1’ 65] 0362165[62;1, CG] 636210566[03:1, 06] . 63021850271[63:1’ C6]
03[021705] 6365[621706] 030566[011,06] . 03050371[621’66]

-1
[637 65] 65[637 CG] CSCG[C?M 06] o C5cg [037 CG]-

As [cg,c6) = 1 this expression automatically reduces. Using the identity [a™!,b] =

afl[b, a| we simplify further to the following expression

s (y2) = %% [cg, 5]
c?,<:4‘1c3‘1[c57 3] 03‘34_105’351[06, cs] C3C4_105€6051[06) csl - 0302105‘33_1051[067 cs)
C3c;1[c57 ci] 030564_1[667 ci] cSC5c6c;1[C67 ca] - 030503_1021[06, C4]
[c3, ¢5] ©les, cg] “%[cs, cg] -+ - C5Cg71[03766]'

Noting that [a,b] = [b,a]™ we can now write 7,.(y2) (additively) as follows:

—

n—
in*(yz) - _ 03021551[657 06] N 030215;1[63, 05] . CBCZlCSCéC‘;l[CS’ CG]

%

I
o

|
N
—

n n—

_ 03021[047 65] _ 030503021[04’ CG] —+ [63, 65] + cscé[c?n 66]-

7

Il
=)
I
o

%

By Proposition 4.3, for a fixed n we may write i,.(jmw5) in terms of basic com-
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mutators in the generators of B as follows.

T (jﬂw]?f) =— |- [ 63651851[05, ce), [0201]} ;o e Cl]]

|
_ [ . [ @ g, 5], [cmﬂ e Cl]]

-1

[. . [ escy sy oo el [c2c1]] ;e cl]}

_ [ . [ 03621[04, csl, [0201]] ;e e, Cl]}

_ > [ .. [ 030503‘34_1[@, ce), [0261]i| Lo |ea, 01]]
+ [+ [les, es), [ezerl] -+ [e2, ]
+ ”Z_l [ .. [ 656%[63, cel, [CQCI]i| Lo |ea, 01]] :

By Proposition 4.3, ker7 is generated by weight k& basic commutators in the
generators yi, Yo, y3 with y3 in at least one entry. For convenience of notation, let us
denote the elements of B by a;. Let A C B be the set of all elements a; such that a;

appears with a nonzero coefficient in the expression for i,.(y3) for some n € N when

F :
7— generated by basic
k+1

written in terms of the basis B. Let Y be the subgroup of

commutators with an entry from the set A. Note that by construction, i,.(ker7) C Y

for each n. Hence if the elements i,.(w¥(wf)™!) are independent in % they are
also independent in F}/F;,,. Also notice that by construction, the group %

is a free abelian group generated by basic commutators in elements of B \ A. To

Fi/Fjoia
Y

consider whether the elements i, (w5 (w}) 1) are independent in

we must first
determine the set A.

We begin by simplifying the expression for i,.(y3) using the commutator identity
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la, vb] = |a,v] Y[a,b] as follows:
ine(y3) = [ca, cscgcs]

= [c4, ¢5] “ley, cges)

= [047 05] C5[647 Cg] 0503[047 C3]

= [ca, c5) @[ca, cg] ey, et D% ey, c3)
= [c4, 5] P[ea, c] PCca, cq) - - - 656271[04,66] 5% ¢y, c3].

Note that the term ©<|cy, c3] is not an element of our chosen basis for Hy(F’,Z) as
cg > ¢4. In order to express i,.(y3) in terms of our basis for H,(F’, Z) we rewrite this

term as follows:

n—1 n—1
“Bleq, ca) =[cs, callca, es]les, es] e, es] Pea, s H “Bleg, co) | | “%les, co)
i=0 i=0
n—1 ) n—1 v
3% cy, co) 4% g, ).
i=0 i=0

Collecting the basis elements of B that occur in the above expressions for i,.(ys),n €

N we find A to be the following set:

[047 05]7 C5[647 06]7 CSCé[C4’ 06]7 [037 04] ) [047 C5]a [C?n 05]7

A= 1 €N
04[017 05]7 03[647 05]7 056(%[035 06]7 65038(%[047 06]7 C5C4Cé[c37 66]

Fl /Fl/

Note that by construction, when viewed as elements of —+—,

(W05 (W) ™) = i (j(w5)n")

= ins(J(w3)).
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Thus the elements i, (w4 (wt) 1) are independent in F”/F" if the elements i, (jm(w}))
are independent in F/{,FH.

Modulo Y, 4. (jm(w5)) can be written as follows:

. (jﬁwéf) = — . [ CSC;10§1[65, 66]7 [6201]} y oo [027 Cl]]

|
_ [ , [csczlcgl[cg,%], [0201]} ,---[cg,cl]]

—_

[. . [ €5 56505 [y g, [c2c1]] ;o e, aﬂ

[e=]

7=

: [ 03021[04, Cs), [0201]] SN Clﬂ

|
: .

—_

B [ - [ cgcscgcgl[Q, cel, [0201]} L e, 01]] :

7=

[en]

F/ Fiia

v, this sum can be written

Consider a finite sum of these elements. In
as Zi\r{:l Qi «(jm(wh)) where a,, # 0 and n,, < N,y for all m. The M
term of this product is the only term containing a multiple of the basis element

[‘ . [ cgcscéwlcil[c(;, ca, [0201]] Lo e, cl]] . Hence the sum cannot be trivial, and thus

the elements i,.(jm(w%)) must be independent in %

Therefore the elements

. ~ . . T
i (W5 (wWF)71) are independent in Féil'

As the set {in.(wh(wf)™)*|n € N} is an independent set in F}/F},, the set
{(1 = ) (1 = co)ips(wh(wh)™1)} is also an independent set. As (i, (f1))[ce, c2] =

(1 — c6)(1 — cg)ips(wh(wf)™1), this shows that %:g; surjects onto an infinite rank

torsion free abelian subgroup of F}/F} | via the map f — 7,(f)[cs, c2].
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