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Outline

|, Define go:{3-mflds}—> R
for eath nz 0.

2, Thm(H): pr is an invariant
ot homolegy whbordism.

3. Thm(®): The pn are independent.

For eatn n%0, image D, is dense
in R and has inlinite rank,

"-L De@me ” on Lonlordince ¢Wsoes
ok Awnks or .s+r~in3 Links bj

o LinKL— 0-swgery on L= p|0-sume
. ﬁﬁg] Link F— closure of S +— O -surgeve of.

g
5 p(0-swgery of S



5. Let Cm) ‘-‘{(on(urdan(c group }
e

B¢ m-Lomponent srin
Links in 57
and,

ves & tqicgdm)c cg-(-lcg‘('hi ¢ C(m)

5) tn) (e.) (o)

b( £il+ration o€ Com) by (n)-solvable
strng Links (ss defined by Codwan-OerTeithver)
for ne Zh.

Thm(#): For eath m22,n31,

(m)
?' (m)
" / n.5)

D) r‘hﬁ‘nihlﬂ jenerded.



Rema ¢ KS

|. Recently S. Chang + S. Weinberger
show similar resulds for Yk-1 27 mflds.

‘nnuj onn der Hhe é"-lhv'(- of $he

wniversal cover & of o flk-127)- din
mild M and show Hhat £ T (M*Y

has dorsion then +here exists
on @ ¥ of M; homo-l-opaj egw’m(ewf-

but hot homeomorphic v M
since +he pPV(M;) are diskinct|

2. For knots, (ochran- Orr- Teichner
Show Hhat for all np i, fog
1J non-vo , 11101 also show

ot F / Fas o nfinitely

qenerated. However, [4 is
Wnknown whether Fi foh,
Mlinitely gemerated for nz 3,




M’ is an oriented, closed, $-mani§old

Defs M, is homology wherdant to M, ,
M~ M, | i$ +here exists Smooth
Y-msld W such that 9W=M,u-M,
and 1, M;—W induce = on
He(-;2). e

HBEEM’S/NH =

Example: L.,Lzh—-;S links in S° are
(ontordant i Yhey (obound

Smoothly embeddul annuli m ST,

z
BT

IS L, tontordant 4o L, +hen
M‘-l =) l\4&--., l

(o- surgerq on L)



Homology E4uivelene and Fundawerta| Gp.

A homology tobordiska gives maps
ii: M.i —"'W

WWit induce £ on Hy (ie. 1; is homology
epuivalence)

Q.14 §:X—Y s & homology equivalence
what s preserved wnder
L O0—Tm(Y) ¥

Exemplel: o «(X) 2 i)
- [nm,t.{xl'] (w1, m(Y))
L] "
H,(x) H.(Y)

Exomple 2: Let 6=m,() , E=m(Y) Jhew
Stallings shows that for cath N30,

-F-l».' G/ Gn—;_-a EfEn
SG.E‘-lp_wcr tentral sevies of G

G'= 5 ) Gh: [Gu-\ ) G‘X-




Theorem (Stallings): Let ¢: 6—E be a
homomorphism of qrouUps Haat duces
= on H, awd an epimorphisne m Ha.
Theu for avyfinite n, & Mmduces

150 ¢': %_é_'_)%
" h -

Reall by H,(6) we mean
H,F(?«G,i))

Q. What about the denved sw(es?

Reall , deived series:
Gm= G
G"“):[G‘h’, G“‘ll

A. G/th 1S no¥ hecessart (j preserved
under homology esw‘vq(mce.



Example: et K be a knot in S’
wihh A ¥1l, G=m(s-k)
$: 66— 2 abelianization
() Cb* g on homology
() [Cochran] Gfgt» s "“'9" (G%“m:ﬂ)
G) 2/ = £ Y nzl.

e d’.u: 'g"n; '_"Z/Zw' 2 rot moro]
Also,
meridian : Z — G
2 (meridian),: 26 /™) oy
sunjective !



Theorem (Cochran-H): IT$ ¢ F—B
induces a Mohomorphism bohn
B(-;@Q) and an epimorphism
oh “1(-3@), F free group
(not necessarily £.4.), B finikly
relation +ien VW nzl

¢¥ . F/F(n) L B/Btn)

we can get a s-hromser resyu (4
1 we we a refined version
D& derived sevies !



gt orsron-Frce Derived Serieg: Gy

'.o\

(1) Gy:=
() AssumemG‘“’ has been defined |
@) Gy 4G @) F[6/c] is an Ore domain

clasrieal right

=9 BY (2) E[G/G =) "'—'*’K ring ot quo ients

(ms:der:
tn) ef,, G::’ G:“
& [6:\ Gmt‘s [G:',G“’ O‘%‘"Kn
‘-"Y"’
rignt Zr6/cm] module by
69 = 3";3 for 4¢G,

% i - Torsion Snbmo
() G, += ker(Besd o (TG et

= 1mm€ds<l‘k Mgt G::m G{m
Con Show GtxndG and

rej lnn):) oRE l““ﬁﬂ
t:)/ o = H(Gy™ “Ltorsion.
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E xom PE

() F free group
since F/F"™" is torsion-free

as Z[F/F™1- module,

‘ F,:"’= Fw I ¥ n3o.

(2) K knot n &, G=T,(3~K)
Since 6{76‘” = Alex. module 18
o Z[6/¢"]-torsion module,

G,T)=[6,G] ¥ n=1. Hence

\_ZG:" 4 _\ ¥ nzl,
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¥ {G:’} 1S & tharacteristic
Dut not totally invariant
series of G\

However, we have +he following:

Proposition(Cochran-4): 1§ ¢:4—B

ihduces a monomorphism on

;%:‘; C—ﬂ":%!'i'i +hen

é (A™M) ¢ Blﬂ-}n

H H
In parkicular, we have
homomo rphism

. A B _
Q Ac:n — -B:'M').
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Theorem (Cochran-H): I& $:A—8 is
6 mono, on H (-;®) and an ep’.
on H,(-; @)J A 'F-‘nikfj 36«#«.“?4;
B -l‘-‘nihljnio.hd +heen ¥ nzl,

' 2 A

It & onto daen &, (o ubse) {s S

B

Coroll&ra: T L is a lquarJ (mk
then G—»F mduees
w & 5 F/n
Ele —— Tfp™,

Recall: L is o bowndary lnk if
L bounds disfomd seifert swriaces

= M(S®-L) —» Free qroup of muk M
ms= & Lomponents of L

Ef. C\j ms=2
(J’/ - O 6= m($-L) = FR)
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Even though 66y 1s nt MVavant under
homoloauj cobordisma,we can SHIl use +he
previous +heovem 4o get new homology

Cobordism invanawts! To do +his, we
use Cheeger-Gromov von Neumemn p-inv4,

4 (Ha. ‘Qﬁlosed Riemamnion méld
: T (M)—7

PR M):= T (Mg) =7, (M, q)

Thm (Cheeger-Gromov): Pp (M) s

independent of 9.

o M' Cloced , 6=TT,(M)
M= &/oy " and 4,:6—T,

Def2 | o) +=Qp, (M)

using [, as above.
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Q) |

0. -invts and signature defects

Let W' be a smooth Y-meld [with ov
w idhout boundmj) , b (w)y—=
with T'.PTFA (po\t,--l-or:-'m-$r¢¢ abelian)
3rbup‘,

Note TYTFA means T tolvable wida torsiorfree
abelian quotents.
r PTFA Fe—a XK riqnt ring of quotents.

Zlr —X

v
, MO — U

won Neamann Algdwa wibounde d operators
affilicted with (M)

Vo Neumamn trace can be defined forr
he Herm, (Wl'), Le+ h be wderse chon fru,

M HalW;2M @3 U . ehnar. Swukion R,

Dets € (w)= i, pw-1r, p(h)

Q _ru
tfr(h):<hl¢\,f71 dimension of + dimension o6& —
40 Eigenspace eigenspace
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Properties of 9™

(- Inducton)
Pl: T¢ el +hen and §:mm)—T

(2)

then | pp'(M)=pr (M

PI: T4 M=aW" and ¢:mM)—T
extands over W +hen
0p (M) = 65 (W)~ 6(w)

This Sollows From I’ -index +heovem
bor milds widh and without

boundary,
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Important Example
(n=0) K knot '53’ M= 0-surgerg on K

< V= #k(a,a')  Lk(a,b)
U Jk(b,a*) Lk(b,b
(n¥tqen

- S'erkr‘) matnx

i kI .
Lov every wé St " wWV+BV s hermi¥an
=5 3¢+ si§ natures,

M) = p™(Mys MiMI—H, (M) 2)
z S €(wV+SVT) dw

wes'

elR
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£2)

Theortm(¥) 0.°(M) is an invanant of
homology (obordiom

: . T
(1;)s S o H, NG

= ‘B +ham | Gi nel (n+l v
o s " (G‘.)tn) 7 E/EH v el

® By Minduction,  oM(M,)=p" (M;, 6:—Th)
SO Sinte we hWaw T (w=g—T,
@ pﬂ.)(ﬂhe‘__’n‘)_ﬁ"(n"G'—yl"h)g Gt;:(\\“—G(W)
@ By Myp HalMp)—> Ha(W) so ewery 6eHy(w)
Lomes from H,[oW). M (T Pusrt
Bt 6 wybethiow), atr0 "\ e
= 6W)=0 )

© By homological argr, we cau showd
Ha (M, UR,) — Hy(w;un),
use arg as aboe +o Show &' (wW)=0,

- (2) 2
° o Pu {M')—P:’(M;): o ‘

LV
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Theorem (#): For eath n3 0, the Image of P
is dence m Rand is mh nidely qenerated
Constructim of examples:
Let Mg‘-‘-:ﬁ: §'x s , F= M (M)=Free group, rank k.
Re call F::'/F:m = F“’me#-_]_ ) "

Lk T he & bk tw B &%
1 4. qL & F(h)_ Fln-l-li

MOLK) = (M-trao)) Y, (5> K)
Q: A5 K)AHnB) M, — f,z"

K

Ly — M,
() N fen
(M) = { S DA

Recall ()= Ss.e(uw;w ¥ dis
tayn Show Q‘:’- dense m R and is minidely

byroup 3.0 Cha - Livingiin,
i Suoz R. ( Cmmn-Wr~Tcldnmr~]
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4icin K \
@
AD N °
M= gus asis M= M(x,k)

(MY= Fpadx,y?
T\(M) Y Po(MY=0  §(M)=P(K) 2]

K=ttt handed Frefoil

PO(H'J'-' o}
AUSEL IS

'

M

=
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Loncordante 1rou? o
Let C(m)= iw-t.ompmem' string Link .mks}

String Link L

i e (S

&
‘Add [:!-:J'*‘ % ~ "tonnected Sumwm

of LQinks"”

ﬁ (nonobelian)
we have f-\l'\-rad'lm of (€m)

- .g.(m)cgnwc vee e tmlc?mccm_j

(n.5) (e.3)

by Thim)s (n)-Solvable strng L ks

(n)

Proposition(#): I+ L. e Fms, +hen
en(L)=D.
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Theorem (W) For eath mi22 and n?1,
g'(m) ¢

(n)
n.%)

s ih@infkls Senera'l'cd.

Prool: Let L be tvivial Imk w/ m components.

5 M(:L)=F. I} m23,n3l, FO/p™opp
Choose qe FLF™? a5 befove . Obtam
AnK L) by +yng stramds Mo knot K.

e Caun L; is (mrsolvable (Cothran -Ovr
- Telthner)

s Lg ¢ et (nS)>solvable # P, (L;)#0.
. p“(il.;l) 1S M-Fu'n}klj 3!“?&"'!4 Sy om before

o Moreover, eatn L; if 4 boundary Link

Tropli): Oy 15 additive on claod of boundary

dinks !
| |
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