l<n0+ Theorg

and its

Combinatorial Tnvariants

S‘we\\v‘ \-\ av \/e\,
Rice U(nivevg’.uha,



D
De
.: A
" L
é noT
0
o
S k ;
r;,f"sm
e} _:o%
+zerR(;\ |
‘ M
: be
d
| d
| n
| J
Wn
A
att
a
ch

®
(G
&



We say that two knots are equivalent
Wk You  Can deform opne intp the

o-her wWitout a\\owhf\ff e Curve To pass
Jr\l\FObts‘/\ itself.

O~ R~E~&)~4)

o\ equivalent knots



,o’-\
L]
¢

l,.-~~ B
] / / /:7
- > - @ - @

NoT  ALLowED




ExamP)es o0& Disknct Knots:

o & @

unknot left-handed  right-handed
+re foi | frefoi
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G qure - e'lg hi
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ﬂS+cho\ D(' "'\/\m‘(\r\js o( kno#s aS &(‘oSerLr
ot ]R we  project them To plane and

remem ber  +he (rossing Whormat on |

This is culled a diagram of 4he knot.

© G

Diffearent dicgram for the Same knot



(ﬂ’\eorem(AleXav\c\er,Bf‘igj_sy- Two diajrqms Are
O\SSOC\&\‘ed to the same knot & -Fhe«j AL

related by a Sequence of the Reidemeister

moves (pluo plavar isofopies).

T. /:)<——7>Hb

T D\ <\~')( — :Q
m. X = R0 X< R\
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—For Same kn



/\l'\ms o Ac‘?‘me A knot 'mvawiomjr, P+ Sy G cen
Yo (omsider invaviants pf dmgmwu +hat

AVt ?TQSW‘/M wnder Reidemeister moves:

”V\
T: {d “@"“‘MSB A {algelora etc.

T(OH=T0O) i§ D, w wlatea 4o
D, bv ReidemeiSte v
moves T, T,




The sﬁmpltsF invanant 1s g"w(orabill’-k&'.
G+ {ijmms-ﬁ — 10,1}
cm=1 if D s 3-wlorable | i.¢
e aves in the projection can be colored widls

{P\)G\)BS 5L every Coloved s used and
Mg (rossings ook like

A3 colors \/ (all one color)
appcar




Otherwise (D)= 0.

Can check Hhat £ D, and Ty difer by

Retdemeister woveo , 4hen c(D)= (D),
T

RT ¢ \Peg><~—>@

/

Ts (o 1) o) (= I
(Cﬁsc 2) :Q SN > ({_7 O/

R s Similar

|
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/n/\em-gjor‘e g-wlora(a(l”v 1S 7% 'PV'OPCV*":} O‘ﬁ
Hhe  kmot, not jusk its diagram.

P_e_‘e C(K) = c(D) Yor some diagmun
/\ T D of K.
knot

ke S [R3 D=a diagram or
! P\‘chwe" ok K



Ex: (O s mt 3lorable = c(0)=¢

3 s 3-wlorable =2 d&) 2

,o, O # (-% (&S l(ho*.)‘)



let K be « kno\' and D be a o(iaﬁmm

forr K. °

(rosSsi V\js

@rqph *

LS we forget about whether

ane O\AW/(,ur\derJ we ﬂejr 73 Plan«(f

(_(OSS'W\jS «—> verBees

(X

D=ay

P.= projecdhion,
O&ﬂﬂﬂv\ L_{D_. ng “‘{ar‘ ?V‘a'Pl’\



The dual of PD s a P(omalr b‘lpaﬂw‘wle
groph; ead of whose regions has  edges

\

g =

Checkerboard Red verties & i)
CO\OHY\j ot PD Blue verhces < &



E_g_c,_j\" e\IeVﬂ knot can be made mto Hhe
unknok by Changing & Subsek of crossivgs
h a diagram

'P’rg‘f‘ let D be a d'lagmw\ Sr K-



S’(\/\/_’Zp iwlaﬂ- oﬂ' P, traverse Hhe knot.
Fadn time you it o Crossing
160 s the fest ime ou

hit & crossing, ke swe yow ane (rogsing
OW ~
v ’“/\Q. ()M/\Qr OvC (\'c not (J/\amge zvo.cx‘wﬂ).

%



Then Hhe z-value of 4, yo‘\m[J on knot

decreases as you traverce the kunot except

ne G~ P wheae Hhee 16 a hearJ\/ wirhcal arc.
z2 M p

From side ¢ ?
A

Sy

-~
2

X

T"\U 1S alwmv A d'\a.glraw\ Lmllne wu|<no+<0)
1]



U kn OH'mﬂ Number

_’&‘E’ w(D)=min

of Crosgi " of D

heeded +o c,hange Dto a
d'lJLgVCM/I ofF unknot.

W(K)= minf u(D) | Dis a diagram for K

WK) is called the unknotting number of K |

Unless wk)=1 or u(K)=0, it is very
At Gl fo deferming  u(K) |




Open
Conjecture - (A(K # I<1)= U (KD+ (KD

/ U @

-

K, # K,

Eas% to see that w(K #K) 4 uwll)+ (K



Dinta any knot can be Changed o Hoe Unknot by
C‘q&{mﬁh’\g (ross) 45, ’/’D qexL /UnoHng i fovrmat Ol/lj W
need to remember Crossing in formation .

To do «\'{/\'\5, we consider (orented) (oloreo(jmphsz

s orient knot
o Orient and (plov
edges wl &,b,.. st 4\

A~ C



dg (D)=

Note: Can recover the Knot Fromm +he

colored graph  ( oritmtakions o edges
Glws Gn ohent alion on knot ).



Def{ne Q(D): {a,b,c, l f‘clw“iom cOW\di froM
Compack reqions m (lg(D)

({:\‘nijrc(y presented group)

G (D)={a,bc| aca'b', abc' by



Th s easy 4t shwow 4had 1f D and
D, are related btj Reidemeisier moleo
then  G(D) = G(D,)

Qs grOMFS
Hne G(K):= GlD) , For qry diagram D, i
a knot variant ) Called he knot group.

Tn fict, GKIZ T, (R-K)
7

'mo\epevxdemjr ol dl agram,



Theoram (Waldhausen | Gordon- Luecke )+ L& there
15 an iSOMOrP\'l?SW\ Q: G(K;) ™ Gq(Ky) Hhat

preserves the "Pevipheral shrudure” of K,
and Ry dhen K = Ky (ap o mivror image)

e

Thwe Hnre group of a4 knot s a CowxP|e+c
i variant of knot (up fo mivvo s ),

However, i+ 15 diffiult b distinguish fwikly
presumted  growps |



Alexander Poltjnom?a(_

To eatn (ornev v in & region 0f dg(D)

ASsign values Ay) awd BUY) as Lollows
|

0\ ‘[2° 0
C b C o | C
| Qb lo

l
|
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A-values B- values
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Kauumav\)
A S«*aé OL C(g (D) \5 A CL\DICQ O'S: onc VZV‘I‘CX

pev region  s.t no vertex is used twice

Hne

(onsh tute
C sing\f State.




Lot s be a state. Then
A(s)= Z"A(v) B(s):= 3" B(v)

vedwrnes m S 3 VE] Lorners i §73

| o} Vo and Wy, be werticw of dj(@) Huat

share an edge  2—,

B(s) A(s)

Def: A W= 57 (-1)

T {s’m‘res Hhut do 12>

nok ontam V, oV



TFf D, and D, are related lsj Reidmeister
moves +hen AD‘(t):' AD; (t). Define
D)= Do) r aw diagram D Som K.

AKU& i5 led Hhe Alexander 'poh!nowxmi

oF K and WaS or(g‘w\a\\\j desined b%
Alexandev w1928

% Alexander gaw on equivalent buk differant defintion.
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allow ayle
States
a = 'L-l_ l'l' t
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C(ﬁéﬂorivci (aYions

Th 4003, P. D2svith - 2. S24L% and I Raswmussen

defined a bi-graded homology Hheory that is
a cateqorification of Hhe Alexander polynomial

(e, the Euler characterishe is A £) ).

Koot K — l@j(K,i) abeli an group 1) €2
(Kno{— Floer homolo gy of K

N\

Y (PR, (K, 0= 7, 610 rank HK; (K, 00 = A ()

JJ



Let K be a knot. A seifert surface tor K
is an oriented surfaw embedded n R-K
whose bound ary 15 K.

3(\()"—‘ m'm% - () l S S A Se'fevrt Smrfmi
= for- K

7, J = Seifert surface
@ DN

K=25 = knoT

ﬂ(M:o & K= nknot



Thm (02svath-Szabs ):
9(!4) = max | S.t. H/Fl\g(KJL)# 0.
Thm (02svath-Szabs , Ghinni-Ni 006)
Kis S:t'loev*ed & fo- MAxX ¢ S.t. H?l\g((K,L)?‘o
rank (HER, (K, )= 1
The chain Qroups are generate i b\? Kaunffman states,

However, He bowday map 1s defined by counting
Pseudo holomprphiC curves o we  Cannpt
C\H'efm'ma —H\e QFOU\PS Yor- an arlo\Wﬂkf_‘g kr\M.



9!"; d Didjr‘qmgg

% X G Trefoi |

O X — '
O R o——| — F'—'k_’

X D 15 -
X O :
i d diagram knoT
One X and O =7 Comnech X 40 O jn (olumns
per yw [ (0lumn 0 4o X v rows

verkial .S‘\’V‘QV\C\} (rosS owdr
horizondal strands



Define chain (omplex CK over Zfa.

n | generators = MaJrc)nian between horizontal
and vertical 3(‘\&\‘mes

" ) O*x%x one - pn eath horizohtal
Oﬂr a and vertical gridline

2 X O :

l t)( + 0 (f—XCLF+ top and rlqh{-).

We View jr]& as \'WMg ol A +or‘u_s |o\:) '\dfl/ﬂ'f%imj
le$d [rignt  ond  fop  bottom,

QeV\er‘a&or‘s <« S,



y”

D+ CK—C|
dx= \+ -

Couh‘\'s 4\' Ww1/° ’I‘O SWHC,lﬁ SW'NE (Orneéers
0f an eva‘r\,‘ V‘Q('\'w’\jlt +0 & NW-SE (orner.

x X= ¢

O
0 X
- 10 A
2 XY//// //?D
L | X 0




M (3—3radinj> :
M(x)- M(\I):(l* #of O'J) v r‘edanglz
V\/i-|l/\ X and \/ lorners
A L~ grading) (4o X's —#0f 05) in
G rectangle w| X and \f
(brners,

J presecve s L-grading and lowers
:ygradify bﬂ 1.



/ﬂ‘ﬁo MW (MQ“OICSCM“ DesviHh-darkar):

L Gis a 3rid ol'iajram fov I<,

~ o~ 17\ n-
Hy (CK(5)) = HFK(K) ® Yaslh
where \[= £, & Ya 15

Heree X(HeCR(aD)= D (1-47

Thas g\ves Hne SimPl€3+ al govidhm +o compute

Knot  genw |



LY p W) s any knot Invariant,
X (ate gonfiadion of Pu(t) is a bi-graded
Chain Gmplex  (C;(K),2) st

X( € (0= =, k) rank €500 ¢
3

=2, S rank Hig(k)-t
N Iq/[rvzolow of (C'.J'(k)/ a>

= Pk (0),



Other Categovifiations

Knml POl\"V\()m‘Ia. | Ca‘\‘éﬂov{{:{cw\{om
Alexandev- Po\\/ Kot Floer homology
(qug aar N Floer ) v2003
Jones poly, Khovanov homology
(Khovanou) ™ (999
HOMFELY poly. Khovan ov- Rosanky hom.
| ~ 3004



Cate qory Raation of § raph polynomials

Polynomial

Ca‘}qou\% £ cation

¢ hromatic FO\\1 nomia |
Tufte Po\ynomial

Noamada Po\u,nomial

Hc\ me-Guizon + Ror\j
~3J005

Jasso-Hemandex + Rong
2000

Vershinin + Vesnin
~ 2000






